Stress treated by quantum mechanics

by Ole H. Nielsen and Richard M. Martin
Xerox Palo Alto Research Center (PARC)

These are old handwritten transparency slides for talks by Ole Holm Nielsen, as
presented at seminars at Bell Labs and Brookhaven National Lab in June 1983,

The topic of the talk is the novel quantum mechanical theorem of the stress tensor (the
Stress theorem), which was originally published as:

First-Principles Calculation of Stress by O. H. Nielsen and Richard M. Martin,
Physical Review Letters 50, 697 (1983).
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THE STRUCTURE OF SoLiDS:

WHAT DETCRIBES A PERIODIC SoLid (Mo SURFME)Z

UMIT CELL,
2 [ +Psciosic kireririows
2 SHAPE & SizE .
AToMic ARRANGEMENT

PHYSICAL PROPERTIVES:
TOTAL ENERGY = £ (SHAPE & Si2€; AToNC ARRAGEHENT; T )

LET T=o0.
APPLICATION: EQUILIBRIOM STRUCTURE
&E E = MimMum.
o\
21\
. \
| TSRS
: >
VoLune
WHAT ARE THE CONIUGATE "FoRces' OF
THs STRUCTURIL PARAMETERS Z
- . Ew3k He "HELLAWN - EgynmAN"
ATonic ARRANGEMENT: F =0E . 0%, Eokia
SHAPE & SI2E: GJ“P = O, ira. / aa*P RACRoscoPic STRESS
/E*P=STRHEN= x = i‘+fx)

COMPLETE PICTURE REQUIRES Erora. » FORCE, STRESS




WHAT CAN WE LEARN ¢

CRYSTAL STRUCTURE:
® CRYSTAL SYMMETRY: E < erc. ¢

cusic Ehéxﬁooum, !
e _ATTICE CONSTANTS: = = MINIMOM

OR PRESSURE = 0.
-
® ATOMIC ARRANGEMENTS: FoRCE F =0 CoNDiTioN.

® PHASE TRANSFORMATIONS: COMPARE EWTHALPIES H,  H,

H= ETomL + Z*P G"‘P.e‘P (v E-I-P-V)
ViBRATioNAL PROPERTIES:
WiTHIN THE ADIABATIC APPROXIMATION,
® PHoNVoN FREQUENCIES: E = ¢-G ; ot = ¢/M

° EiGEUVECToRSJ EFFsECTIVE CHARGES.

o AVHARMoAC PHoWNowsS.

ELASTIC PROPERTIES:
® ZIASTIC CONSTANTS: STRESS/STRMN

* ANHARMONIC ELASTIC|TY.

THEORETICAL LIMITATIONS: (AT PRESENT)

DUE TO THE LOLAL-DEVSITY APPRD X MAT: oM.
® SROUND-STATE ONLY (No OPTICAL PROPERTIES).

® ZERO TEMPERATURE oOWNLY.



TOTAL ENERGY

A SoLip:
NUCLE +
ELECTRoOMNS

-’z
ToTA. eNeReY=Z Fi. + V,  +V, y + Vy_y

DENSITY - FUNCTIONAL THEORY
FOR THE GROUND STATE :

Ve-e - VHARTREE T VEXCHHNGE + CORRELATION
s 5
(e~ r,:j)
HOHENBERG - KGHN - SHAM:

vx-c [S A UNIQUE FUNCTIONAL OF CHARGE DENSITY.

_OCAL APPROXIMATION :
, HoM HoM
HOMOGENEOVS ELECTRON GAS: V= \[ _ (p)

Ho
iSsoMe =V, = _(d"‘? ‘/x-:(P(m'FU"
CALCULATIONS:

SOLVE SCHRODINGER EQUATIONMN |TERATIVELY

To SeELFcoNSISTENCY.



FORCE THEOREM

CONSIDER NucLeEUus (OR A RigiD ioNn CORE)

=y

AT PosiTioN R.GIVEN GRoynD-STATE WAVEFUNCTiON:

FoRce = -QEToTAL/aﬁ = - % /OR Y

STENTIAL GROUND-STATE

»

HISTORICAL NOTE:
— EHRENFEST (1923)  FIRST DERIVATION
— PAUVLI (1933)

—~ HeLLMANN (1933)

Forces 'iv MoLecuLe
— FEYNMAN (1939) > WO S CES——

"HELLMAN ~FEYAMAN THEOREM"

Zeitschrift fur Physin 45 455 (1927)

456

"COMMENT ON THE APPROXIMATE VALIDITY OF CLAssIcAL
MECHANICs WiTHIN QUANTUM MEecHANiCcs®

Bemerkung iuber die angeniherte Gilltigkeit der klassi-
schen Mechanik innerhalb der Quantenmechanik.

Voa P. Ehrenfest in Leiden, Holland.
| . ———
(Eingegangen am 5. September 1927.)

Aus der Schridingerschen (ileichung 1iBt sich durch eine kurze elementare EXACT EESULT'I
Rechnung ohne Veruwachlassigung die Beziehung

m%({[ﬁ:.'l‘#'».;:r H.Edt_y‘cp-(_g_g) mdj?_:‘;__):_(%\‘: >

ableiten, die fur ein kleines und klein bleibendes Wellenpaket (m voa der Ordnung 1 g)
besagt, daB die Beschleunigung seiner Lagekoordinaten 1m Sinne der Newtonschen

r
Bewegungsgleichungen zur irtlichen Kraft — D\‘; pafit.
[

Es ist wiinschenswert, die folgende Frage miiglichst elementar be-
antworten zu konnen: Welcher Riickblick ergibt sich vom Stand-
punkt der Quuntenmechanik auf die Newtonschen Grundglei-
chunren der klassischen Mechanik® Durch eine ganze Reibe



STRESS:

UNIT CUBE

~

S.. = FoORCE /Uu;T AREA (MorRMAL =pR)

o ~COMPONENT

o\{i

PRESENT wWORK:

A NovEL WAY OF DETERMiMING STRESS
FROM THE GRouwnD-STATE WAVEFUNCT oM.

AB- INITIO CALCULATIONS ON <OLIDS.

RELATED To:
« TOTAL-ENERGY CALCULATIONS
« FORCES ("HeLLMANN-FEYNMAN THEOREM™)



STRESS THEOREM

OR “GENERALIZED VIRIAL THEOREM"

CONSIDER A UNIFORM SCALING OF THE WAVEFUNCTION
Q.(“) R-‘ + % E‘P ﬁP E"‘P= STRAIN TEWSOR

STRESS: T OE ra /64y

4 GENERAL MANY-BODY HAMILTONIAV:

2 SURFAce FoRc
H = Zi. F‘-/lm; » Viun‘:&ua;, + Vewsmvm.

Fock (1930): scaLive oF ¥ &l/eEs No 1P -0RDER
CHANGE v LW HIY)  VARIATIONAL PRINGIPLE). THuS

[NTERMAL STRESS 6, = 3< Hivrerua, O OF i ®

"ZL< Tsi-et-f;ip/"'; - ?;p .‘)ViMTE(N'\L/a?i.-(>

(NiELsEN, NARTIN, PHYS.REV. LETT. 50 617, 1983 )

VIRIAL THEOREM: 3PV = 2E,, +E (Y Potewrin)

— BORN, HEISENBERE, JoRDAN (1926)
— FiNKELSTEIN (1928)

HYLLERAAS (192Q) HE -AToM

Fock ((130) MANY-BoDY ForM

PAuLi (1933)

SLATER (1133) MOLECULES AND soLiDS

NN



How ABOUT SPATIAL VARiATIONS, |.E. STRESS FiELDS ¢

— SCHRODINGER (1923)  RELATiVISTIC STRESS TENSORS

—_ AvLi (I‘B‘S) KINETIC STRESS
=k Zu av (1939 «-Usnc +MAXweLL STRESS
— NARTIN, SCHWINGER (I1159) APPROXIMATE MANY-BoDY FoRM
—_ KveLek (19¢7) ZXACT MANY-BopY FoRm
OUTLINE:

é S = ! s - =2 [ﬂ'slta
MOMENTUM DEWNSITY (t) =3 ZL [PU S(r-"f'c)]_'_ AB+ B¢

FoRCE DENSITY @ P(F)/ot = T'{, [5(?), H:': (SAF‘ GiVES FoRCES)
DEFiNE STRESS FiELD c‘dP(F): V-6 (P = 2P®) ot

dP
A SOLUTION: INTERNAL STRESs is:

cs'”(#)f.-.z_.<L5'.d,[§.‘,,s(-.e-:.)] 1.)/bm, +
4 wZ <aVINTERuﬂ|_ (r' T )p >

et T - F:
INTERPRETATION:

« KINETic STRESS: P AF“ “Lux ﬁP/m
— RESEMBLES E" ;

KiNETiC GAs THEORY.
« POTENTIAL STRESS: ~ (FV), - B
r

g \’:"“"« . €
—RESEMBLES ELECTRoSTATICS.  \_--=3~ =

MACROSCOPIC STRESS:
INTEGRATE OVER JNFINITE FLANE: Sa' (F)-dS

TNTEGRATE OVER ALL PARALLEL PLANES : Q.E.D.



PRACTICAL CALCULATIONS

LOCAL-DENSITY-FUNCTIONAL APPROXMATION
FOR ELECTRON EXCHANGE AMD (oRRELATIOM.

PSEUDO POTENTIAL APPROXIMATION :

EFFECTIVE POoTENTIAL FoR VALENCE ELEC,TROUS,oNL‘I.
CAV BE PERIVED AB iNiTig (INPOT: AToMic NUMBER 2):
HAMAWN, SCHLUTER, CHiAVG (1979) + KERKER (1979).

L 2 3 4 5 _ _
auv.[NH—+—+—+—T/a. TYPicAL WAVEFUNCTioN: |
A /
-1 PSELDO
VPs(r) Yy
...z. ) l
. Si
' ATOM
-..s.

TEATURES

bo ;
= ’\YP“U SlowLY VARYING AODELESS.

o NPSEUPS 5 YTRVE 5yrsipe SonE K,
e EIGENVALYES E.r = Eqr,
PS 4
. \/L (r) TRANSFERABLE BETWEEN siMiLAR SYSTEMS .

- ® CRoZEN CORE APPROXIMATION



AB-INiTIO PSEUDOPOTEMNTIALS
HAMANN, SCHLUTER, CHiANG (1979); KERKER (1980)
EXAMPLE:

(Yiv,coHEN (1982))
SILICON (Z= I4)

| Ab initio core pseudopotential

Radial Wave function

VZE(R) (Ry)

Comparison between the pseudo (solid lines)
and the corresponding all-electron (dashed lines) radial
wave functions for the configuration
3s'3p?3d’ of Si.

BULK Si,&6E:  SELFCONSISTENT CALCULATION
Valence charge density (110 plane)

‘: Contour plots of the valence charge density
in the (110) plane of the cubic diamond phase of Si
and Ge at Q,p Charge density is in units of
electrons per atomic volume with a contour step of 1.
The black dots denote the atomic positions and straight
lines denote the atomic chains.



APPLICATIONS OF STRESS :

L. LATTICE CONSTANT AAMD BULK MopuruS

SILICON : AB-INITI0 PSEUPOPOTENTIAL CALCULATIONS.
* COMPARISON WITH ACCURARTE PREVIious CALCULATIoNS
* A VARIETY oF ACCURATE EXPERIMENTAL DATA

eV/ATon i r—— PLANE WAVES oF
TOoTAL ENERGY 22 < 24 RYDBERG
050
L SPECIAL E- PsIvTS
|025 B -
of 0
KBAR SD‘T <-r
ko .
OF {0
~4%o ‘ "
9.%00
i)

2 [
52 83 S% 55 . 56
LATTICE CONSTAVT [ﬁ]

BEST CALCULATION: a=54os A  B=093MsAR 9BHP =42
(lo SPEC. PTS.)

EXPERIM ENT : a=543 8 .B=0992MBAR  9B/OP s
| 9:‘\]' ?’P/a\/



TEST CALCULATIONS:

-

SiLicON, 5.25A < a £5.0A , X SPECIAL R- PoINTS,

PLave wave CUTOFF: BY: a, LAl B= V%{ff) [Mirar]
R+Z21%< 12 Ryd. E.: 545545 ~0.67 (0.98)
Yin, CoHEN (1180, 82).

= S.3¢4 |.0%
Cousma& WUMBER E: 5.3¢17 I
F WAVES , ~|2Ryd. P 5.3¢45 1o
R+C1% < 24 Ryd. E:  S4Iq 0.94

= 5.406 0.9§
<t Ryd., 16 SPECiAL PTS. P: 5.400 0.93
EXPERIMENT: 5.431 0.992%

CONCLUSION:

e SIMULTANEOUS EVALUATION OoF ENER6Y AND PRESSURE
TESTS C(ONVERGENCE OF B8Asis SET.

« J/ERY MANY PLANE WAVES ARE NEEDED To OBTAWV
ACCURATELY 3ULK MobuLus AND ELASTIC CONVSTAMTS.

* QUESTioN: WHAT IS THE MosST EFFICIENT WAY TO

CuT oFF THE BASIS SET 2



: . ] LOCAL-DENSITY APPROXIMAT ioN.
RESULTS USiNG: AB-iNiTi0O PSEUDOPOTENTIALS.

) : (BaCcHELET ET AL)
THE SEMICONDUCTORS Si, GE, GAAS.

Conventional cubic cell of the diamond lattice.
For clarity, sites corresponding to one of the
two interpenetrating face-centered cubic lattices
are unshaded. (In Wlhc
shaded sites are occupied by one kind of ion,
and the unshaded by another.) Nearest-neighbor
_ bonds have been drawn in. The four nearest
neighbors of each point form the vertices of a
regular tetrahedron.

. LATTICE CONSTANT AND BULK MoDULUS:
CALCULATE PReSSURE P= (¢ 6,6, )/3 AT

L ".ATTICE CONSTANTS:

a | KBARS BULK MoDuLUS B=-& -A—E
3 Aa
ENAS
|
S| &€ GAAS
-]
a, caLc. 5.400 (-0.4"%2) 5.59 (~1.1%,) 555 (-1.t% A
a, ExP. - S.43) - 565 5.64%2 A
B, cAcc. 093 (-¢% 0.32 (-1% 0.93 (-3°.) MBAR

B, ExP. 0.992 0.768 0.784 heAR



IL. ELASTIC CONSTANTS C, AMD C,:

UNIAXIAL COMPRESSION ALONG X - DIRECTION (5, ~ STRAIN)

Si GE GAAS
c,,cac. 159 (-5%) 1.30 (-1, 1.23 (-17) MBAR
c, ,Exp. 1.635 1.315 1.223 -n-
Crp . CALL 06l (-7, o.45 (-17,) 053 (%) -

Ciy 5 BIP, 0.650 0. I}1_t, 0.53| e s



IT. UMiAxIAL COMPRESSioN ALONG () DIRECTiON.

Eq“sl‘STEAiN | /

R.'(l— C.'E.,/"B)
t: INTERNAL STRAIN PARAMETES
LOSS OF SYMMETRY GIVES INTERNAL DISPLACEMENT.

ASSUME HooKE's LAwW FoR <TRAIN E,‘ AND DISPLACEMENT V.

Force=@- (%1 € — v =2 A
¢ (lr - " ) ¢ 2 fig; (;’To(l’)
(o) d pay
STRESS = C.:'- E-q - VoL.¢ -,T-L L PHonoW FREQUENCY

ACTUAL ComPREssioNV : FORCE = © = “owve LINEAR EQS.

FRoM SIMULTANEOLS CALCULATIoN OF FORCE AWND STRESS:

CALC. ExPT.
- 0.3S 0.8301 Mbar ;

t 0.53 0.33 (-—Z X-RAY PIFFRACTION.



Il. UNMIAXIAL COMPREsSSioN ALONG (11))-DIRECTION:

COUPLED EQUATIONS FoR ELASTIC CONSTANT C
To(I") PHONON ZREQUENCY AND INTERNAL STRAIN.

[/E"ﬁ.‘ STRAIN

b4 /

/m)

RoND LENGTHS: Ro S R° ( | +£’-r)'f- 208%7_}

—= R U1+e)=R, €L /5

Si 6E GAAS
Cyy ,CALC. O35 (+4%) 0.63(-§%) 0.62 +3%) MBAR
Cuy (EXP. 0.80| 0.684 0-600 -
Dromy CALC 15k 9.05 .09 10" Ha
COron) EXP. 1568 9.1 8.187 — =
[, cac os3(am%)  obkl3en)  0.48(-33%)
L ExP. . o33 oM 0.36

MEASUREMENT OF L : - -KAY DIFFRACTION , FORBIDDEN
(00¢)—REFLECTION UNDER CoMPRESsion. DiIFFicuLT !

UNRESOLVED QUESTION : WHo HAS THE CoRRECT [ 2



TV AN HARMONIC . ELASTIC CONSTANTS: SiLicCoN

—_

“ELASTiCc ConvsSTANT ' —> taB/nﬂ (Mbar)

2.0

1.9

1.8

-
~J

b):

S = o o
o) N 00 ©

o
&

LAGRANGIANV STRESS AND STRAIN:
| \

R
t”/"l" . C|| el | Cm-ﬂ" Gl Sau- ”ln it

| [

|
o
vl

|
=)
)]
o)

CALC. EXPT. CALC. EXPT.
Cy ® .59 |‘?~5 C'z = 0-6l O.GS‘o

c. . +-35 -83 R ML

i~ . .

STRAIN

MBAR

—_—) -



ANHARMONIC ELASTIC CONSTANTS: SILicON.
LARGE UNIAXIAL STRAINS: UP To 0%

2.0

fMBaRr]

ti/ny PP

NSTANT
3
!

STRAIN . 4 )
0.1 &8
49 =€y + 12 ‘,‘2

° —3 EXPANSION

POWER SERIES:
AE = r% o 1,1, +,2v1 Cupd N, oo

ni

Caa

Cuns
c.,“+1c., ”

4S6
9B/9P

oL /%,
il

('ml.

C

LAGRANGE STRAIW M= €+4E -

CALCULATION EXPERIMENT
~3.5 (-9%) -2.25(10) MgaR
=8 (+6%) —4.5)(S) MBaR
A0 -0.64%(i0) MBaR
-58 (-5%) -(.08(45) . NBAR
~-0.8 ~0.6% (20) MBAR
4.0 (-4%) &.1S
2.5 ‘ 2
) 2 MBAR
39 ¢ MBAR



CONCLUSIONS

FOR THE FIRST TIME: A COMPLETE DESCRIPTiON
OF PERioDIC SoLiDS BY ENEReY, STRESS AND FORCES.
® STRESS THEOREM FOR ARBITRARY SYSTEMS.

— CLOSE RELATION To FORCE AND VIRIAL THEOREMS.
® DENSITY-FUNCTIONAL CALCULATIONS ARE FEASIBLE
UsiNG THE AB-iNiTio PSEVDOPOTENTIAL METHOD.
STRESS PERMITS LARGE _oMPUTATIONAL SAVINGS.
¢ ICCURATE RESULTS: S!,6E 6335

a,B,dB/eP ¢, «

. FU_TURE:

12, Cuy) Ci.jh > YWror)> o -

STRESS FIELDS  NEw WAY To CALCULATE FORCES.

PHASE TRANSFORMATIONS (HYDRoSTATIC & OVIANIAL ).
SURFACE TEMNSsION.

22





