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Preface o 5 1 ) B
The following two formulae are stated: ‘
First integral presumption: 7,(p) =I L p Tdx = | p[2ﬂ: ;
& sf 1 -+ —_
Second integral presumption: [,(m,n) = J' = H_H: R i = Echzl - | i 2
’ -7 gin" x I 2 I | 2 | ; 7
‘The last part of this paper is an abstract of the original referred article by Andrew Antkiller. ¥

Theoretical background

This work is based on the famous work of dr. Andrew Antkiller (Math. Proc. Trig. Calc. 21,4. Cardlff
1876). Among other formulae he stated the following:

For any arbitrary real number a the following relations are valid:
1. cos’a + sin®’a = 1  hence by rearrangement  cos’a = 1 - sin’a
2. sin{24) = 2 sin acos a
3. cos(2a) = cos’a- sin’a

Given two arbitrary real numbers 2 and b the following relations are true:
4. sin{a+b) = sin acos b + cos asin b
5. sin(a+ b)sin(a—b) =sin’a — sin’h

Among other relations, theese are mentioned in the appendix.

First integral presumption

__” P e = | plon

Let us prove the relation J,(p) = _[
-7 sin® x

Consider the integrand. Using Antkiller 4 yields

sin® px B sin®(x +(p—1)x) _ (sinxcos(p—1)x +cosxsin(p—1)x)°

. 2 w2 = 2
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sin® xcosz(p—l)x-i—coszxsinz(p—l)x+2sinx'cos(p-—l)xcosxsin(p-—l)x
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The three addends in the numerator yield



sin® xcos’(p—1)x

I: = cosz(p—-l)x
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L. cos® xsin®(p—1)x _ (I =sin® x)sin®(p—1)x _sin®(p—1)x -

sin®(p—1)x
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In III we now apply the method henceforth known as the Amtrup-Antkiller Algorithm:
Applying Antkiller 5 with a+ 5 = 2(p-l)xand &b = 2x jie. g = pxand b = (p-2)x we have
sin” px—sin*(p-2)x  sin? pr sin’(p—2)x
III: i SRSy - 2
sin® x sin® x sin® x

Adding theese three contributions (consisting of five addends) we have

sin®

sinzix =cos’(p—1)x +§.iLZf_Tl).{ —sin®(p-1)x+ ;l:l:fj - Sin;if;;f)x
_ sihz(.pz—l)x N siu.z fx B sinz(‘-o ;— 2)x +cos2(p—1)x
sin” x 2sin” x 2sin” x

Integrating this from —x to 7t yields

h(p) = h(p-1) + Yeh(p) — Yo h(p-2)+0 forp=1 and

Ip) = Li(p-1) + % h(p) - Yo li(p-2) +2n forpk 1
So we have forp # 1

Yli(p) = h(p-1) - Yehi(p-2) ‘or h(p) = 2h(p-1) - L(p-2)
And finally |

L(p) - A(p-1) = h(p-1) - h(p-2) independent of p.

Likewise, for p = 1 we have

h() - h(p-1) = h(p-1) - K(p-2) + 4

Recursion leads to

r sin? x
L) - A(p-1) = £Q) - K(©) = [ if—“z—"'dx-j_gdn 27 forp>1 and

Tsin® x
By (% sin*(=x)
A@) = £i(p-1) = £(0) = A(-1) = [bde- ["ZE Xy, o) forp < 1
Sk T osin” x
Therefore
Alp) = K(0) + |p|2n or
x sin?
—4r = |pln
T sm” x

which veryfies the first integral presumption.



Corrolary

It can now be veryfied, that the integral
J':r 2sinxcos(p— 1'),\;cos.x sin(p—-1)x l
- sm* x

Has the value 27 for p>1, 0 for p=1 and —27x for p< 1.

Second integral presumption

Now we will prove the relation Ly(m,n) = f:; sn nuzmlﬁdr = G m;— H‘, —I,m ; HD?-?Z' : :..

sin” x :
This may be veryfied by applying, again, the Amtrup-Antkiller Algorithm, Using Antkiller‘S wﬂh : l
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m+n m=—n m+n; |m—n ' .
Iy(m,n) =1, =7 = l -—, | 27 ‘
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which is the second integral presumption. : ¢ B g g d
If 21,1 € R+ and m> 1 we have e B Mg ; : «2
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where 4 is the least of the two numbers 2 and n, o i
= 0O
Appendix: Summary of the Antkiller reductions Lol
Of the first set of formulae, the first is proven by unit-vector calculus and the others bf chaxliging' the
sign of v respectively replacing u by 772 — u. In all formulae 4, v, aand b are all arbitrary real : [
numbers. g R
cos(u — v) = cosu cosv + sinusin v : - e “ j .
4 b \!‘ R ,’l;..— :
cos(u + V)= COSU COS ¥ — sin u sin v G T
sin(u — v) = sinu cosv — cosusin v s & B
sin{u + v) = sinu cosv + cosi siny 1
Setting # = v above yield v o &
; .;é_, ::_;




1=cos’u+sin®u
cos2u = cos” u — sin® u
0=0
sin 2u = 2sinu cosu
Adding and subtracting pairs of formulae above yield
cos(u + v} + cos{u — v) = 2cosucosv
cos(u + v) — cos(u — v) = —2sinusin v
sin(u + v) + sin(z — v) = 2sinu cosv
sin(u + v)—sin{z — v) = 2cosusin v

a+ b a-b

andv = we have

Setting u+v=a and u-v=bie. u=

a—b

- a+b
cosa+cosh =2cos cos

at+hb . a—-b

sim

cosa—cosh =—2sin

a+bh a-b

cos
2

a+bh . a=-b

sin
2

: Deviding by two and replacing a with 22 and b with 25 we get

sina+sin b = 2sin

sing—sinb = 2cos

cos(a+ b)cos(a— b) =Yacos2a+Yzcos2b = cos’ a+cos* h—1=1- gin? 2—sin? b
sin(a+ b)sin(a— b) = —Y2cos2a+ Yacos2b = cos® b — cos® a = sin® a—sin® b
sin(a+ b)cos(a— b) = Yesin 2a+Y2sin 25 = sinacosa+ sin bcos b

cos(a+ b)sin(a— b) = Vesin 2a—Vesin 25 = sin acosa— sin bcosh

The second formula above is the Antkiller 5 formula. Adding and subtracting pairs of formulae we
have

cos(a+ b)cos(a— b) +sin(a+ b)sin(a— b) = 2cos> h—1= cos2b
cos(a+ b)cos(a— b) —sin(a+ b)sin(a— b) = 2cos® 2—1 = cos2a
sin(a+ b)cos(a— b) + cos(a+ b)sin(a— b) = 2sin acosa = sin 2a
sin{a+ b)cos(a— b) —cos(a+ b)sin(a— b) = 2sin bcosh = sin25h
Note the independence of one of the variables a or 5. The next step is to replace a+ b with v and a—b

with v. Obtaining theese interesting results is left to the reader. It will verify, that any set of four
formulae is equivalent to any other set.
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