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Abstract

In this master thesis we calculate the classical energy of circular strings with
three independent angular momenta in the gravity background found by Lunin and
Maldacena. For large angular momenta, quantum corrections are suppressed and the
result is shown to agree with the conformal dimension of SU(3) bosonic operators in
β-deformed N = 4 SYM, as predicted by the AdS/CFT correspondence.

The approach to the subject will be introductory and we thus start with a brief
introduction to the Maldacena conjecture, anti-de Sitter space, and conformal field
theory. The basic properties of N = 4 SYM is then reviewed and it is shown that
calculating anomalous dimensions in the planar limit amounts to diagonalizing the
hamiltonian of an integrable spin chain. The coordinate Bethe ansatz is introduced
and used to derive the eigenvalues of the hamiltonian in the thermodynamic limit.
The formalism is first developed for the SU(2) spin chain, then generalized to the
SU(3) spin chain, and finally β-deformed spin chains. Hence, we obtain the one-loop
anomalous dimensions of SU(3) bosonic operators in β-deformed N = 4 SYM. We
conclude by reviewing the deformation of the five-sphere conjectured to yield the
gravity dual of β-deformed N = 4 SYM and calculate the energy of spinning strings
in this background.
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1 Introduction
String theory has long been regarded as a very promising candidate for a unified theory of
all interactions. One of its many beauties is that it gives a natural explanation of gauge
symmetry in terms of open strings and D-branes, and string theory can thus be viewed
as a fundamental theory implying the existence of gauge theories. Curiously, the theory
was discovered in an attempt to describe strongly interacting particles. However, it was
soon replaced by QCD, and strings were then regarded as an effective description of the
thin tubes of color flux lines mediating the interactions between quarks. The AdS/CFT
correspondence is a duality that relates a certain gauge theory and a string theory in a
particular gravity background. The two theories are conjectured to be equivalent and as
such, the question of which is more fundamental becomes redundant.

The first proposal of a gauge theory/string duality was given in 1974 by ’t Hooft. The
idea is very general and is based on the similarities between the diagrammatic expansions
of large N gauge theory and string theory. In the gauge theory, the diagrams can be
classified according to their topology with 1/N counting the genus and the perturbation
expansion can be reorganized as a genus expansion in 1/N . The non-planar diagrams
corresponding to string interactions are suppressed in the large N limit and a new effective
coupling constant λ ≡ Ng2

Y M (the ’t Hooft coupling) counts the quantum loops of the
planar diagrams.

Since the work of ’t Hooft, it has been widely suspected that such a duality should
exist, but it has proven hard to actually find the string theory corresponding to a four-
dimensional gauge theory. First of all, the planar diagram expansion that corresponds to
the free string theory is very complicated. Furthermore, the construction of a string theory
in four spacetime dimensions are plagued with a number of difficulties, and one is led to
introduce at least one extra dimension.

A concrete proposal of a gauge/string duality was given by Maldacena in 1997 [1]. He
conjectured that type IIB string theory, in a product of five-dimensional anti-de Sitter
space and a five-dimensional sphere (AdS5 × S5) with common radius of curvature R, is
dual to a maximally supersymmetric Yang-Mills theory with gauge group U(N) in four-
dimensional Minkowski space (N = 4 SYM). The gauge theory is a conformal field theory,
and the duality has been dubbed the anti-de Sitter/conformal field theory (AdS/CFT)
correspondence. The gauge theory is characterized by the two parameters gY M and N ,
which are the coupling constant and rank of gauge group, respectively, and the string
theory is characterized by R/

√
α′ and gs, which are the radius of curvature (in string

units) and string coupling, respectively. The correspondence predicts how these should be
related:

R4

α′2
= g2

Y MN = λ, 4πgsN = g2
Y MN = λ. (1.1)

The ’t Hooft limit of the gauge theory, where N →∞ with λ fixed, corresponds to the free
string theory.

The correspondence realizes a long-standing suspicion that a theory of quantum gravity
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should have a holographic description [2, 3]. This means that a gravitational theory on
a given spacetime should be described by some theory on its boundary. This is in part
inspired by the physics of black holes, as the entropy of a black hole can be shown to be
proportional to the area of the horizon rather than the volume enclosed by the horizon.
Although anti-de Sitter space is not compact, there is a precise sense in which we can
associate four-dimensional Minkowski space where the gauge theory lives with the boundary
of AdS5. Since the AdS/CFT correspondence states the equivalence of a non-gravitational
gauge theory on the four-dimensional boundary of AdS5 with a string theory containing
gravity in the interior of AdS5, the correspondence provides a holographic description of
gravity.

A first indicator of the correspondence is the underlying symmetries in the two theories.
Both are invariant under the superconformal group PSU(2, 2|4), which has the bosonic
subgroup SO(2, 4) × SO(6). However, the symmetries enter in a different manner in the
two theories. The subgroup SO(6), for instance, is an internal symmetry of the gauge
theory, whereas it is a symmetry of spacetime in the string theory.

If the AdS/CFT correspondence is true, one should be able to match the conserved
charges corresponding to the symmetry generators in both theories, and that will be the
main theme in the thesis. In particular, the energy of string states should correspond
to the conformal dimension of operators in the gauge theory as we will show, and the
matching of these quantum numbers in the two theories can provide a verification of the
correspondence.

However, calculations are troubled by the fact that it is still unknown how to quantize
strings in AdS5 × S5. One is then forced to consider a low energy effective description in
terms of IIB supergravity, but this approximation is only valid in the limit where λ À 1.
On the other hand, perturbative calculations in the gauge theory require λ ¿ 1, and the
accessible sectors of the two theories thus seem to be completely incompatible.

If one instead chooses to trust the AdS/CFT correspondence to be true, the difficulties
associated with a direct proof become a virtue. The correspondence relates the strongly
coupled sector of the planar gauge theory to free string theory in a weakly curved back-
ground, where calculations can be performed using classical supergravity. Therefore, it
should be possible to gain new insight in the otherwise inaccessible sector of the strongly
coupled gauge theory using supergravity. Taking another point of view, the weakly coupled
perturbative region of the gauge theory may be able to give clues how to quantize type
IIB string theory in a strongly curved gravity background. Or, one can try to incorpo-
rate non-planar corrections in the gauge theory to learn about string interactions.1 The
AdS/CFT correspondence is thus a strong/weak duality relating one theory in its weakly
coupled perturbative sector with a theory in its strongly coupled non-perturbative sector.

One of the first successful tests of the AdS/CFT correspondence was the work by Mal-
1Note that the term string coupling is used in two distinct contexts. The proper string coupling gs

is the world sheet loop counting parameter. In this thesis, we only consider non-interacting strings with
gs = 0. However, free strings propagating in a gravity background can be viewed as a two-dimensional
interacting field theory with coupling constant 1/

√
λ.
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dacena, Berenstein, and Nastase in 2002 [4]. They considered a limit of the string theory,
where the string can be quantized exactly. The limit involves taking λ À 1, so the gauge
theory is strongly coupled and it is not possible to perform generic perturbative calcula-
tions in λ. The way to circumvent this, is to consider operators that are almost BPS.
The conformal dimension of BPS operators are protected from quantum corrections and
near-BPS operators only receive small corrections to their conformal dimension. Hence,
the authors were able to set up a map between certain string states and operators with
matching energies and conformal dimensions.

After the work of BMN, there has been much progress in the calculation of conformal
dimensions in N = 4 SYM [5, 6, 7, 8]. Due to operator mixing, one has to diagonalize a
matrix of anomalous dimensions and the calculations are highly non-trivial. An important
observation was made by Minahan and Zarembo [9] who realized that the problem of finding
one-loop planar anomalous dimensions is equivalent to diagonalizing the hamiltonian of an
integrable spin chain. Techniques for the diagonalization of spin chain hamiltonians already
existed at the time so a new powerful calculational tool was readily at hand. The authors
considered the map to a spin chain with SO(6) symmetry, but their results were soon
generalized to the full PSU(2, 2|4) super spin chain [10, 11].

Another test of the correspondence has been carried out by Frolov and Tseytlin [12,
13, 14]. The authors investigated a certain family of fast spinning strings, and argued
that quantum corrections are suppressed in the limit of large angular momentum and
λ/J2 ¿ 1. Thus, one can compare the classical energy of fast spinning strings with
anomalous dimensions obtained perturbatively in the gauge theory.

Recently, Lunin and Maldacena have proposed an extension of the AdS/CFT corre-
spondence to a sector with less symmetry than AdS5×S5/N = 4 SYM [15]. The extended
duality involves a so-called β-deformed version of N = 4 SYM [16], where the supersym-
metry has been broken to N = 1, and the authors explain how to obtain the gravity dual
of such a field theory. Investigating this deformed version of the correspondence, is clearly
an important task since it might reveal the role played by supersymmetry in string/gauge
duality.

In this thesis, the energy of spinning strings in Lunin-Maldacena background will be calcu-
lated and the result, compared with the anomalous dimension of operators in the marginally
deformed N = 4 SYM. The thesis is organized as follows.

Section 2 provides a brief introduction to the AdS/CFT correspondence. We start
by giving a short review of the Maldacena conjecture, followed by a discussion of anti-de
Sitter space and conformal field theory. It will be shown that the conformal group in four-
dimensional Minkowski space is isomorphic to the isometry group of AdS5 and that the
energy of string states in AdS5 × S5 corresponds to the conformal dimension of operators
in conformal field theory. We also show that the general structure of two-point functions
in conformal field theory is uniquely determined by the conformal algebra, and that the
conformal dimension of the involved fields can be extracted from these functions. For a
detailed discussion and complete list of references, we refer to the reviews [17, 18, 19].

In section 3, the structure of two-point functions is used to construct the one-loop
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dilatation operator of N = 4 SYM. We start by reviewing the construction of the gauge
theory by dimensional reduction, and discuss the symmetries of the theory. Matrix models
are introduced, and we show how the complicated combinatorics of two-point functions can
be captured in matrix model correlators which simplify significantly in the planar limit.
We conclude the section by discussing the β-deformation of N = 4 SYM.

Section 4 is dedicated to the diagonalization of the dilatation operator. The hamiltonian
of the Heisenberg spin chain is reviewed and we show that it is equivalent to the SU(2)
one-loop dilatation operator in the planar limit. We proceed with the SU(3) spin chain,
which requires a little more work. An S-matrix is constructed, and it is shown to satisfy the
Yang-Baxter equation implying factorized scattering and integrability. We then apply the
nested Bethe ansatz to derive the Bethe equations for the SU(3) spin chain and obtain a
rational solution in the thermodynamic limit. Finally, we consider β-deformed spin chains
and obtain the anomalous dimension for operators in the deformed theory.

In section 5, the classical energy of strings spinning on the deformed five-sphere is calcu-
lated. We start by calculating the classical energy of strings in the undeformed background
and then show that the energy of spinning strings in Lunin-Maldacena background can be
obtained by a simple substitution of certain winding numbers. The result exactly matches
that of the previous section and thus provides evidence that the correspondence indeed
remains true when the β-deformation is introduced.

2 AdS/CFT Correspondence
In this section, we start by briefly reviewing the arguments that led Maldacena to his
famous conjecture. The basic properties of anti-de Sitter space are then discussed, and it
is shown that the boundary of its conformal compactification can be identified with the
conformal compactification of Minkowski space. Isometry transformations in anti-de Sitter
space act as conformal transformations in Minkowski space, and the basic properties of
the conformal group and conformal field theory are reviewed. In particular, we find the
general structure of two-point correlation functions in conformal quantum field theories,
and this result will be applied in the following section to construct the dilatation operator
of N = 4 SYM.

2.1 The Maldacena Conjecture

The Maldacena conjecture states the equivalence of type IIB string theory in AdS5 × S5

and N = 4 SYM with gauge group U(N) in four-dimensional Minkowski space. We will
now sketch the arguments that led to the conjecture and relate the gauge coupling gY M to
the string coupling gs.

2.1.1 Strings and D-branes

Dp-branes are extended objects with p spatial dimensions that appear in open string theo-
ries when one imposes Dirichlet boundary conditions on the strings. The endpoints of the
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strings are "attached" to the D-brane and can only move tangential to this. In superstring
theory, the D-branes are charged and naturally couple to a (p + 1)-form field potential.
For example, in type IIB string theory, the R-R sector gives rise to a totally antisymmetric
field Aµνρσ that couples to D3-branes. On the other hand, the D-branes themselves give
rise to a flux of five-form field strength. This is a very natural generalization of electrically
charged particles, which is analogous to D0-branes: An electrically charged particle couples
to a one-form field potential (which is the usual gauge field Aµ) and gives rise to a flux
of two-form field strength (which is just the electric or magnetic fields Fµν). Like strings,
D-branes can be characterized by a brane tension, which is inversely proportional to the
string coupling. They are thus massive objects with a mass given by the product of the
brane tension and the volume of the brane.

Consider now type IIB string theory in flat ten-dimensional Minkowski space with a
stack of N coincident D3-branes. The theory contains both closed strings and open strings,
since the D-branes act as topological defects where open strings can close and vice versa.
The massive string states have masses proportional to the string tension, so if we consider
the low energy limit, where E ¿ 1/

√
α′, only massless states can be excited. In this limit,

the open string states are massless excitations on the branes and are described by N = 4
SYM with gauge group U(N) on the four-dimensional world volume of the branes, whereas
the closed string states are described by type IIB supergravity in the ten-dimensional bulk.
In the low energy limit, the massless open and closed string excitations do not interact [17]
and we thus have two decoupled theories.

Next, we take a different point of view. Since D-branes are massive charged objects, they
give rise to various supergravity fields. In particular, they induce a curvature in spacetime,
and the metric of N coincident D3-branes can be calculated in classical supergravity2 [17]:

ds2 =
(
1 +

R4

u4

)− 1
2
(−dt2 + dx2

1 + dx2
2 + dx2

3) +
(
1 +

R4

u4

) 1
2
(du2 + u2dΩ2

5), (2.1)

where

R4 = 4πgsα
′2N, (2.2)

and u2dΩ2
5 is the metric of a five-sphere with radius u. The solution has a horizon, which

is at the end of an infinite throat as shown in figure 1. The D3-branes appear as a point
in the six spatial dimensions transverse to the world-volume of the branes, and in the
six-dimensional transverse space, the D3-branes are encompassed by the five-sphere.

We see that in the limit where u À R, the geometry becomes asymptotically flat. On
the other hand, when u ¿ R, the radius of curvature of the five-sphere approach R and
the metric in the near horizon region becomes

ds2 =
u2

R2
(−dt2 + dx2

1 + dx2
2 + dx2

3) + R2
(du2

u2
+ dΩ2

5

)
, (2.3)

which is exactly the geometry of AdS5 × S5 as will be shown in section 2.2.3.
2Throughout the thesis we will be using fundamental units where ~ = c = 1.
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D−branes

S
1

Asymptotic flat region

Figure 1: The two-dimensional version of the throat geometry given in (2.1).
The surface is a stack of one-spheres with radius u approaching a constant
radius R far down the throat. In the ten-dimensional case, the circles are
replaced by five-spheres, which encompass the four-dimensional space spanned
by t, x1, x2 and x3.

Since Gtt depends on u, the energy as measured by an observer far from the branes
(Gtt = 1) is related to the energy measured by an observer at u by

E∞ =
(
1 +

R4

u4

)− 1
4
Eu. (2.4)

If one observer is near the horizon (u ¿ R), we get the relation E∞ = u
R
Eu, and the

observer far from the branes will observe all energies near the horizon as being small. For
an observer far from the branes, there will then be two kinds of low energy excitations:
Genuine low energy excitations far from the branes where space is asymptotically flat, and
any excitations in the near horizon region of the spacetime. The near horizon theory is
IIB string theory in AdS5 × S5, and the theory far from the branes is supergravity in flat
ten-dimensional spacetime. The two theories decouple in the low energy limit [17].

The low energy limit of IIB string theory in a background of N D3-branes has now
been considered from two different angles. In both cases, the theory decouples into two
pieces, and one of these is supergravity in flat ten-dimensional spacetime. It is now natural
to identify the second theory appearing in the two descriptions, and this is how Maldacena
was led to the conjecture: N = 4 SYM in four-dimensional Minkowski space is dual to
type IIB string theory in AdS5 × S5.
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2.1.2 Born-Infeld Electrodynamics

The lagrangian of gauge fields living on D-branes is not given by the usual field strength
FµνF

µν , but a generalization that reduces to the well known quadratic term in the small
field limit. For simplicity, we will just consider an abelian gauge field in four dimensions.
One can then use T-duality to argue that there is a maximal limit to the magnitude of the
electric field given by Emax = 1/(2πα′). This fact has the nice implication that a point
charge has a finite self-energy. To set up a lagrangian that incorporates a maximal electric
field we can let us inspire by the lagrangian of a free relativistic particle

L = −m
√

1− v2, (2.5)

where the requirement that velocities (in fundamental units) cannot exceed 1 is implicit
by the positivity of the argument of the square root. Using T-duality, it can be argued
that a consistent lagrangian density describing gauge fields on D-branes is given by the
Born-Infeld lagrangian [20]

L = −T3

√
−det(ηµν + 2πα′Fµν), (2.6)

where T3 is the tension of a D3-brane and ηµν is the metric tensor of four-dimensional
Minkowski space with signature (−, +, +, +, ). This lagrangian is Lorentz invariant as can
be seen by writing the Lorentz transformed determinant in matrix notation

det[(η′ + F ′)] = det[L(η + F )LT ] = det(η + F ), (2.7)

where L is a Lorentz transformation matrix with LLT = I. If we consider a field strength
where only Ex is non-vanishing, the determinant is −1 + (2πα′Ex)

2, and the Born-Infeld
lagrangian (2.6) can be expanded to second order in α′ giving3

L = −T3

(
1− (2πα′Ex)

2

2

)
= −T3

(
1 +

(2πα′)2

4
FµνF

µν
)
. (2.8)

The tension of a Dp-brane is related to the string coupling gs by [20]

Tp =
(2π

√
α′)1−p

2πα′gs

, (2.9)

and insisting that the terms quadratic in the field strength should be given by the term4

−1
2g2

Y M
FµνF

µν , we get an expression for the gauge theory coupling constant in four dimensions
in terms of the string coupling:

g2
Y M = 4πgs. (2.10)

3We will be using the Einstein summation convention throughout this thesis. All repeated indices are
summed.

4The reason we have a 2 instead of the more conventional 4 in the denominator, is that we will be
using the normalization Tr[TaTb] = 1

2δab for the non-abelian U(N) generators. This produces the term
−1

4g2
Y M

F a
µνFµν

a in the non-abelian gauge theory.
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The exact same result is obtained using non-abelian gauge fields. The only difference is
that both the Yang-Mills term and the Born-Infeld lagrangian involve a trace over group
indices. Comparing with (2.2), we see that the gauge theory coupling constant is related
to the radius of curvature R by

R4

α′2
= g2

Y MN = λ. (2.11)

In this thesis we will mostly be concerned with the planar limit of the gauge theory and
non-interacting strings where

N →∞, gY M → 0, λ = fixed. (2.12)

2.2 Anti-de Sitter Space

One of the remarkable features of the AdS/CFT correspondence is that it provides a
holographic description of gravity. In general, this means that the theory of gravity on a
given manifold is described by a theory without gravity on the boundary of the manifold.
The basic principle is not as abstract as it may sound. Consider for example a massless
scalar field ϕ that occupies some volume V in flat space and is a solution to the Laplace
equation ∇2ϕ = 0. When φ is given on the boundary of V , there is a unique extension
to the rest of V , as is well known from for example electromagnetism. A holographic
description of gravity is of course much more complicated, since it is then a complete
(field) theory on the boundary of V that should have a unique extension to V itself. In the
AdS/CFT correspondence, the spacetime containing gravity is anti-de Sitter space, but
since anti-de Sitter space is not a compact space, we first need to specify exactly what is
meant when we speak of its boundary.

In this subsection, we start by defining maximally symmetric spaces and their isometry
groups. We then discuss Minkowski space and how its conformal compactification can be
related to a sphere. Finally we show how to conformally compactify anti-de Sitter space
and associate Minkowski space with its boundary.

2.2.1 Maximally Symmetric Spaces

Symmetry transformations of a manifold are referred to as isometries and can be thought of
as coordinate transformations that leave the geometry of the manifold invariant. A precise
definition involves the notion of Killing vectors [21], but since the manifolds we consider
are quite simple, we will take a more practical point of view. We simply embed a given
curved space as a hypersurface in a higher dimensional flat space and define isometries as
those coordinate transformations of embedding space that leave the hypersurface invariant.

Let us first consider Euclidian d-dimensional flat space Rd, where the isometries are
rotations and translations. There is d coordinate axes and each axis can be rotated into
the d− 1 remaining axes, but then we have counted every rotation twice, so the number of
independent rotations is 1

2
d(d−1). The addition of d translations gives a total of 1

2
d(d+1)
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isometries. Any d-dimensional space with this number of isometries is said to be maximally
symmetric [21]. An example of a curved maximally symmetric space is the d-dimensional
sphere Sd. This can be seen by embedding the sphere in d + 1-dimensional space and note
that there are 1

2
d(d + 1) rotations that leave the sphere invariant.

If we change the signature of the metric, the number of isometries remains the same
and Minkowski space is thus another example of a maximally symmetric space. In fact,
any d-dimensional space, that can be embedded in a (d + 1)-dimensional flat space as
a hyperboloid fulfilling ηMNXMXN = R2, where ηMN is diagonal and has the signature
(+ + . . .−− . . .) with p pluses and q minuses and p + q = d + 1, is a maximally symmetric
space. The set of isometries on such spaces form a group called the generalized orthogonal
group, which is denoted SO(p, q). This group reduces to the ordinary orthogonal group if q
is zero and therefore contains this group as a special case. Every element in SO(p, q) can be
constructed from the 1

2
d(d + 1) generators JMN = −JNM , where M, N ∈ {1, 2, . . . , d + 1}.

The commutators of these generators are

[JMN , JRS] = i(ηNRJMS + ηMSJNR − ηMRJNS − ηNSJMR), (2.13)

where ηMN is diagonal with (p, q) signature.
The Ricci scalar R is constant on a maximally symmetric space, and the Riemann

tensor is given by [21]

Rρσµν =
R

d(d− 1)
(gρµgσν − gρνgσµ). (2.14)

This means that locally, space is fully specified by R and since the magnitude of R just
represents an overall scaling, we can characterize a maximally symmetric space by whether
R is zero, positive, or negative.

If we stick to Lorentz signature (− + + + . . .), we know that a maximally symmetric
space with R = 0 is simply Minkowski space. The space with positive curvature (R > 0)
is called de Sitter space and can be embedded in (d + 1)-dimensional Minkowski space as
the hyperboloid given by

−X2
0 + X2

1 + X2
2 + . . . + X2

d+1 = r2, (2.15)

where r is the radius of curvature. This space can be thought of as a Lorentz-sphere, since
it is the direct analog of Sd in Euclidian space. Similarly, the maximally symmetric space
with negative curvature (R < 0) is called Anti-de Sitter space and can be embedded as the
hyperboloid given by

−X2
0 + X2

1 + . . . + X2
d −X2

d+1 = −r2. (2.16)

De Sitter and anti-de Sitter space are empty space solutions to the Einstein equations with
a positive and negative cosmological constant, respectively.
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2.2.2 Minkowski Space

To analyze the global structure of a manifold, it will be convenient to map the entire
manifold onto a diagram using coordinates that have a finite range. For example, the
metric of two-dimensional Minkowski space

ds2 = −dt2 + dx2, (2.17)

where −∞ < t < ∞ and −∞ < x < ∞, can be written

ds2 = − 1

cos4 t′
dt′2 +

1

cos4 x′
dx′2, (2.18)

where t′ = arctan t and x′ = arctan x, and

−π

2
< t′ <

π

2
, −π

2
< x′ <

π

2
. (2.19)

This looks promising, since we are now able to draw the entire spacetime as an unbounded
square with side length π. However, the causal structure of spacetime is not apparent since
light ray trajectories (ds2 = 0) are no longer straight lines at right angles. We are interested
in transformations that involve a timelike coordinate T and a spacelike coordinate X, that
maintains dX/dT = ±1. A spacetime diagram with such coordinates is called a conformal
diagram (it conserves the form of the lightcones).

In the case of two-dimensional Minkowski space, the trick is to use the lightcone coor-
dinates

u = t− x, (2.20)
v = t + x, (2.21)

−∞ < u < ∞, −∞ < v < ∞, (2.22)

with which the metric becomes

ds2 = −dudv. (2.23)

We then obtain a finite range by the change of coordinates

U = arctan u, (2.24)
V = arctan v, (2.25)

−π

2
< U <

π

2
, −π

2
< V <

π

2
, (2.26)

and the metric becomes

ds2 =
−dUdV

cos2 U cos2 V
. (2.27)

10



Reintroducing timelike and spacelike coordinates

T = V + U, (2.28)
X = V − U, (2.29)

−π < X < π, |T | < π ±X, (2.30)

we get

ds2 =
1

(cos X + cos T )2

[
− dT 2 + dX2

]
≡ ω−2(T, X)d̃s2, (2.31)

where we have defined the rescaled metric d̃s2 as the expression in the square brackets
above and ω(T, X) = cos X + cos T .

A transformation that acts on the metric as a rescaling:

ds2(X, T ) → ω2(X, T )ds2(X, T ), (2.32)

leaves angles invariant and is called a Weyl transformation. In particular, light ray tra-
jectories are left invariant under such a transformation and therefore, we can capture the
causal structure of spacetime just by considering d̃s2. Again, Minkowski space described by
the coordinates T and X can be depicted as an unbounded square, but now the corners are
positioned at ±π at the T and X axes. The boundary of this square corresponds to infinity
in the original coordinates and is called conformal infinity. The union of the original space-
time with conformal infinity gives a bounded space called the conformal compactification
of spacetime.5

A convenient way of picturing the conformal compactification of two-dimensional Minkowski
space is to extend the range of T to −∞ < T < ∞, and identifying X = π with X = −π.
The space is then R × S and can be visualized as the surface of a cylinder as shown in
figure 2.

The generalization to four-dimensional Minkowski space is straightforward. Using
spherical coordinates the metric can be written

ds2 = −dt2 + dr2 + r2dΩ2
2, (2.33)

where dΩ2 is the metric on a unit two-sphere. One can make the same transformations as
above, but now using the radial coordinate r instead of x. Since r has a different range
than x (0 ≤ r < ∞), we also get a different range for the spacelike coordinate R in the
end. Performing the transformation yields the metric

ds2 =
1

4(cos X cos T )2

[
− dT 2 + dR2 + sin2 RdΩ2

2

]
≡ ω−2(T,R)d̃s2, (2.34)

5We will only be considering spatial compactification, since we will extend the range of T to cover
all of R. When speaking of conformal compactifications in the following, it is understood that we are
compactifying the spacelike part of spacetime.
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X

π

π

T

T

X=0

X= π

Figure 2: The conformal compactification of two-dimensional Minkowski
space can be embedded on the surface of a cylinder. The boundary of the
square is conformal infinity. Extending the range of T to R gives the universal
cover of compactified Minkowski space.

where the coordinates have ranges

0 ≤ R < π, |T |+ R < π. (2.35)

The conformal diagram corresponding to these coordinates is now the right half of square
in figure 2 with X substituted by R and the boundary R = 0 included. The rescaled
metric in (2.34) contains the term dR2 + sin2 RdΩ2

2, which is the metric of a three-sphere.
As before, we extend the range of T to all of R and add the point R = π to obtain the
conformal compactification of four-dimensional Minkowski space. This space has geometry
of R×S3 and can be thought of as an infinite timeline where each point represents a spatial
three-sphere.6

2.2.3 Anti-de Sitter Space

We will now conformally compactify anti-de Sitter space the same way we just did with
Minkowski space. To be specific, we consider five-dimensional anti-de Sitter space which
can be defined as the hyperboloid

−X2
0 + X2

1 + X2
2 + X2

3 + X2
4 −X2

5 = −R2, (2.36)

6We note that 0 ≤ R ≤ π is exactly enough to cover S3 whereas we needed −π ≤ X < π to cover S.
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embedded in a six-dimensional pseudo-euclidian space. We start by giving the parametriza-
tion that results in the metric (2.3):

X0 =
R2

2u

(
1 +

u2

R2
+ u2ηµνx

µxν

R4

)
, X1 =

u

R
x1,

X2 =
u

R
x2, X3 =

u

R
x3, (2.37)

X4 =
R2

2u

(
1− u2

R2
+ u2ηµνx

µxν

R4

)
, X5 =

u

R
t,

with u > 0, xµ ∈ R and ηµνx
µxν = −t2 + x2

1 + x2
2 + x2

3. This is seen to solve (2.36), and
the induced metric becomes

ds2 =
u2

R2
ηµνdxµdxν + R2du2

u2
. (2.38)

In this form of the metric, the Poincaré symmetry of xµ is manifest. The metric is also
invariant under the SO(1, 1)7 transformation (u, xµ) → (k−1u, kxµ), and this isometry is
defined as the dilatation of the conformal group in section 2.3.

The parametrization we will use to conformally compactify AdS5 is given by

X0 = R cosh ρ cos t, (2.39)
X1 = R sinh ρ cos ψ sin ϑ1, (2.40)
X2 = R sinh ρ cos ψ cos ϑ1, (2.41)
X3 = R sinh ρ sin ψ sin ϑ2, (2.42)
X4 = R sinh ρ sin ψ cos ϑ2, (2.43)
X5 = R cosh ρ sin t, (2.44)

and is also seen to solve (2.36). A two-dimensional version of anti-de Sitter space is drawn
in figure 3. The metric induced from this parametrization is

ds2 = R2(− cosh2 ρdt2 + dρ2 + sinh2 ρdΩ2
3), (2.45)

where dΩ3 is the metric of a unit three-sphere. From the metric, it is clear that t is a
timelike coordinate as was already indicated by using the letter t, and we note that it has
a period of 2π. This peculiar periodic behavior stems from the way we defined the space
as embedded in a higher dimensional space. We can define five-dimensional anti-de Sitter
space by the metric (2.45), and we are then free to consider the "unwrapped" anti-de Sitter
space and take the range of t to all of R. This is the universal cover of AdS5, which we
will have in mind when referring to anti-de Sitter space.

7The group SO(1, 1) can be defined as the set of transformations that leave the bilinear form X2 − Y 2

invariant. Defining u and v by 2X = (u+v) and 2Y = (u−v), transforms the bilinear form into uv, which
is invariant under (u, v) → (k−1u, kv).
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t

ρ
Z

X

Y

Figure 3: Two-dimensional anti-de Sitter space (AdS2) embedded in three-
dimensional Minkowski space. The surface is given by X2 +Y 2−Z2 = R2 and
can be parameterized by X = R cosh ρ cos t, Y = R cosh ρ sin t, Z = R sinh ρ,
which gives rise to timelike closed curves in the XY -plane. Conformal infinity
is disconnected, but this is a special feature of AdS2, where we have to take
ρ ∈ R to cover the hyperboloid. In higher dimensional anti-de Sitter space we
take ρ ≥ 0.

To obtain the conformal compactification of AdS5, we introduce a new coordinate χ,
defined by tan χ = sinh ρ (0 ≤ χ < π/2) with which the metric can be written

ds2 =
R2

cos2 χ
(−dt2 + dχ2 + sin2 χdΩ2

3). (2.46)

The conformally rescaled metric is that of R × S4, but in contrast to the conformally
compactified Minkowski space, this space is not covered by the range of the coordinates.
Only half of S4 is covered since 0 ≤ χ < π/2 rather than 0 ≤ χ < π. We add the boundary
of the S4 hemisphere (χ = π/2) to get the conformally compactified anti-de Sitter space.
This boundary is exactly S3 and conformal infinity of AdS5 thus have the geometry of
R×S3. In other words, the boundary of the conformally compactified AdS5 is identical to
the conformal compactification of four-dimensional Minkowski space. This identification
is shown in figure 4 for AdS3 and two-dimensional Minkowski space.

Since the boundary of the conformally compactified AdS5 is the four-dimensional con-
formal compactification of Minkowski space, it is not immediately clear how the isometry
group SO(2, 4) acts on this hypersurface. One can work this out by parameterizing points
on the boundary by "AdS-like" coordinates and then consider an infinitesimal SO(2, 4)
transformation on these [19]. The result is that SO(2, 4) generates conformal transfor-
mations in Minkowski space. Since AdS5 is invariant under SO(2, 4)-transformations, it
is expected that the theory living on Minkowski space should be invariant to conformal
transformations. In the next section, we will define conformal transformations, discuss
exactly what it means for a theory to be conformally invariant, and show explicitly that
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T

X=0

X=π

χ=0

χ=π/2

Figure 4: The spatial part of the conformal compactification of AdS3 can be
pictured as the upper half of a two-sphere, whereas two-dimensional Minkowski
space can be depicted as the surface of a cylinder. At a given time, the con-
formal compactification of Minkowski space is a circle and can be identified
with conformal infinity of AdS3 which is the circle at χ = π/2. In the confor-
mal compactification of AdS5 and four-dimensional Minkowski space, we just
replace the circles that constitute the cylinder with three-spheres.

the conformal group is isomorphic to SO(2, 4).

2.3 Conformal Field Theory

In relativistic field theory, Poincaré invariance obviously plays a prominent role, reflect-
ing that spacetime is homogeneous and that different Lorentz observers should observe
the same physical laws. The set of Poincaré transformations form a group, and a natural
question one could ask is whether the Poincaré group can be generalized to a larger sym-
metry group of a theory. The Coleman-Mandula theorem states that there are no such
bosonic generalizations of the Poincaré group consistent with the existence of an S-matrix.
However, if one imposes scale invariance on a theory, it is no longer possible to define an
S-matrix in the usual sense, since the notion of asymptotic states becomes obscure. There-
fore, scale invariance is not in conflict with the Coleman-Mandula theorem and as we will
see, scale transformations indeed enlarge the Poincaré group in a natural way.

In this subsection, the generators of the conformal coordinate transformations are de-
rived and the commutation relations defining the conformal algebra are given. It is then
shown that representations of the conformal algebra can be labeled by a scaling dimen-
sion, and the action of the conformal generators on such fields is derived. In the end, we
show that the form of correlation functions in conformal quantum field theory are severely
restricted by the conformal invariance of the theory.
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2.3.1 Conformal Transformations

As its name implies, a conformal transformation is a coordinate transformation that leaves
angles invariant and thus conserves the local geometry of spacetime. It can be defined as
a transformation which acts on the metric as a scale transformation [22]:

g′µν(x
′) = Ω2(x)gµν(x). (2.47)

This set of transformations includes Poincaré transformations as a special case, since these
simply leave the metric invariant. Under a general coordinate transformation, the metric
transforms as according to

g′µν(x
′) =

∂xρ

∂x′µ
∂xσ

∂x′ν
gρσ(x), (2.48)

and by comparing (2.47) and (2.48), we can derive the general form of conformal coordinate
transformations. We consider the infinitesimal coordinate transformation xµ → x′µ =
xµ + εµ(x) corresponding to an infinitesimal conformal transformation and require that the
metric transforms as gµν(x) → g′µν(x

′) = gµν(x) + ω(x)gµν(x). Using (2.48), we get to first
order in ε(x)

gµν(x)− ∂µεν(x)− ∂νεµ(x) = gµν(x) + ω(x)gµν(x). (2.49)

Taking the trace of this equation, we get that ω(x) = −2
d
∂µε

µ(x), where d is the number
of spacetime dimensions. Inserting ω(x) into (2.49), we obtain the following equation for
ε(x)

∂µεν(x) + ∂νεµ(x) =
2

d
∂σε

σ(x)gµν(x), (2.50)

which has the general solution

εµ(x) = αµ + ωµ
ν xν + σxµ + βµx2 − 2xµβνx

ν , (2.51)

for d > 2 (see appendix A). Here, ωµν is antisymmetric, and αµ and βµ are arbitrary
vectors. There is then four types of conformal coordinate transformations corresponding
to the four infinitesimal parameters above:

Translations: xµ → xµ + αµ (2.52)
Lorentz transformations: xµ → xµ + ωµ

ν xν (2.53)
Dilatations: xµ → xµ + σxµ (2.54)
Special conformal transformations: xµ → xµ + βµx2 − 2xµβνx

ν . (2.55)

Whereas the first two are the infinitesimal form of the well known Poincaré transformations
corresponding to Ω = 1 in (2.47), the dilatation and special conformal transformation are
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genuine rescalings of the metric. The transformations can be exponentiated to obtain the
following finite forms:

Translations: xµ → xµ + aµ (2.56)
Lorentz transformations: xµ → Lµ

νx
ν (2.57)

Dilatations: xµ → λxµ (2.58)

Special conformal transformations: xµ → xµ − bµx2

1− 2bνxν + b2x2
. (2.59)

The dilatation is simply a rescaling of spacetime itself, and one could easily have guessed
this transformation from (2.47) and (2.48). The special conformal transformation corre-
sponds to a shift of bµ preceded and followed by the inversion xµ → xµ

x2 and will take infinity
to the finite point −bµ/b2.

In addition to the usual 1
2
d(d+1) parameters associated with Poincaré transformations,

there is also d + 1 parameters coming from the dilatation and special conformal transfor-
mations giving a total of 1

2
(d + 1)(d + 2) parameters. We should remember though, that

(2.51) is only valid for d > 2. If d = 1, the notion of conformal symmetry does not make
much sense since the metric is a number and all general coordinate transformations have
the form (2.47). For d = 2, there is an infinite number of parameters associated with the
transformation.

2.3.2 The Conformal Algebra

Let us first consider a field, which is invariant under conformal transformations. Such a
field can be thought of as a conformal scalar and one simply has

ϕ′(x′) = ϕ(x). (2.60)

This kind of field is not very interesting for our purpose, but it can be used to derive the
commutation relations for the conformal generators. We define the conformal generator
Ga associated with an infinitesimal conformal transformation according to

ϕ′(x) = ϕ(x)− iδaGaϕ(x), (2.61)

where δa denotes the (d+1)(d+2)
2

parameters characterizing the transformation. With the
infinitesimal transformation x′µ = xµ + εµ(x), equation (2.60) becomes

ϕ′(x′) = ϕ(x′ − ε) = ϕ(x′)− εµ∂µϕ(x′), (2.62)

to first order in ε(x). Comparing with (2.61) and using (2.51) we see that the generators
corresponding to the four types of conformal generators are

Translations: P̃µϕ(x) = −i∂µϕ(x) (2.63)

Lorentz transformations: M̃µνϕ(x) = i(xµ∂ν − xν∂µ)ϕ(x) (2.64)

Dilatations: D̃ϕ(x) = −ixµ∂µϕ(x) (2.65)

Special conformal transformations: K̃µϕ(x) = −i(2xµx
ν∂ν − x2∂µ)ϕ(x) (2.66)
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and with these, we can derive the conformal algebra

[D,Pµ] = iPµ

[D, Kµ] = −iKµ

[Kµ, Pν ] = 2i(ηµνD −Mµν)

[Kµ,Mνρ] = i(ηµνKρ − ηµρKν) (2.67)
[Pµ,Mνρ] = i(ηµνPρ − ηµρPν)

[Mµν ,Mρσ] = i(ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ)

[D,Mµν ] = [Kµ, Kν ] = [Pµ, Pν ] = 0.

We will now regard these commutators as fundamental abstract objects characterizing
conformal transformations in general and not just the simple coordinate transformations
considered above. The differential generators (2.63)-(2.66) furnish a representation of the
conformal algebra and have been equipped with tildes to emphasize that this is just one
of many possible representations.

In four dimensions, the conformal algebra is isomorphic to the algebra of SO(4, 2) given
by (2.13), as can be seen by setting

Jµν = Mµν , J54 = D, Jµ4 =
1

2
(Pµ −Kµ), Jµ5 =

1

2
(Pµ + Kµ), (2.68)

where JMN has the associated metric ηMN = diag(−++++−), and M, N ∈ {0, 1, 2, 3, 4, 5}.

2.3.3 Classical Conformal Field Theory

We will be interested in fields with a definite conformal dimension ∆, that transforms
according to

Φ(x) → Φ′(x′) = λ−∆Φ(λx) (2.69)

under dilatations. The infinitesimal form of such a transformation can be written (with
λ = 1 + σ)

Φ(x) → (1− iσD)Φ(x′) = (1− σ∆)Φ((1 + σ)x) (2.70)

and the fields are thus eigenstates of the dilatation generator with eigenvalue −i∆. The
conformal dimension is simply the mass dimension of classical fields, but in quantum field
theory, the conformal dimension of fields receives corrections called the anomalous dimen-
sion, when the theory is renormalized. We note that the dilatation generator commutes
with the Lorentz generators, and we should thus be able to assign a conformal dimension
to fields that carry a representation of the Lorentz algebra. We will make this dependence
explicit by writing Φ∆ for fields carrying a definite conformal dimension. However, this
means that we cannot in general characterize such fields by eigenvalues of the hamiltonian
P0 or the mass operator M2 = −PµP

µ which is not a Casimir of the conformal group.
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To derive the general transformation properties of conformal fields, we first restrict
ourselves to the subalgebra obtained when spacetime translations are excluded from the
conformal algebra. We consider the action of these generators on fields at the origin. The
Lorentz generators for example are given by its spinor representation

MµνΦ∆(0) = ΣµνΦ∆(0), (2.71)

where Σµν is a matrix satisfying the Lorentz algebra and Φ∆(0) is a multicomponent field.
Similarly, we define the action of dilatations and special conformal transformations on
fields at the origin by

DΦ∆(0) = D0Φ∆(0), (2.72)
KµΦ∆(0) = κµΦ∆(0). (2.73)

The subalgebra of generators acting on fields at x = 0 is then

[D0, Σµν ] = 0, (2.74)
[D0, κµ] = −iκµ, (2.75)
[κµ, Σνρ] = i(ηµνκρ − ηµρκν), (2.76)

[Σµν , Σρσ] = i(ηνρΣµσ + ηµσΣνρ − ηµρΣνσ − ηνσΣµρ), (2.77)
[κµ, κν ] = 0. (2.78)

The generators at finite points can now be obtained by translating with eiPµxµ . Using the
Baker-Hausdorff formula and the commutators involving Pµ we get

eiPµxµ

Σµνe
−iPµxµ

Φ∆(x) =
(
Σµν − xµPν + xνPµ

)
Φ∆(x),

eiPµxµ

κµe
−iPµxµ

Φ∆(x) =
(
κµ + 2xµD0 − xνΣµν + 2xµx

νPν − x2Pµ

)
Φ∆(x),

eiPµxµ

D0e
−iPµxµ

Φ∆(x) =
(
D0 + xµPµ

)
Φ∆(x). (2.79)

If we require that Φ∆ carries an irreducible representation of the Lorentz group, Schurs
lemma and (2.74) imply that D0 is simply a number times the unit matrix. This number
is just −i∆ as noted in (2.70). Using (2.75), we deduce that κµ = 0 and finally get the
action of the generators

DΦ∆(x) = −i
(
∆ + xµ∂µ

)
Φ∆(x), (2.80)

PµΦ∆(x) = −i∂µΦ∆(x), (2.81)
KµΦ∆(x) = −i

(
2∆xµ + 2xµx

ν∂ν − x2∂µ

)
Φ∆(x)− xνΣµνΦ∆(x), (2.82)

MµνΦ∆(x) = −i
(
xν∂µ − xµ∂ν

)
Φ∆(x) + ΣµνΦ∆(x). (2.83)

2.3.4 Conformal Invariance in Quantum Field Theory

In quantum field theory, we replace the classical fields considered above with operators
(which we will still call fields). The objects of interest will be correlation functions of fields

19



defined by

〈O(x1)O(x2) . . .〉 =
1

Z

∫
D(φi)O(x1)O(x2) . . . eiS, (2.84)

where D(φi) is the functional integration measure of all fields appearing in the action S.
The operators O(xi) are not necessarily one of the fundamental fields appearing in the
functional integral measure, but can represent any composite of these. We will consider
correlation functions involving fields carrying a definite conformal, which we denote by O∆.
Such correlation functions are highly constrained by the conformal symmetry as we now
show.

In quantum field theory, symmetry transformations of fields are given by the commu-
tators of the symmetry generators and the fields. Referring to (2.80)-(2.83), we get the
following relations

[D,O∆(x)] = −i
(
∆ + xµ∂µ

)O∆(x) (2.85)
[Pµ,O∆(x)] = −i∂µO∆(x) (2.86)
[Kµ,O∆(x)] = −i

(
2∆xµ + 2xµx

ν∂ν − x2∂µ

)O∆(x)− xνΣµνO∆(x) (2.87)
[Mµν ,O∆(x)] = −i

(
xν∂µ − xµ∂ν

)O∆(x) + ΣµνO∆(x). (2.88)

We define the vacuum to be annihilated by all the symmetry generators. If G is any
conformal generator, we then get for a two-point correlation function

0 =〈0|GO∆1(x1)O∆2(x2)|0〉
=〈0|[G,O∆1(x1)

]O∆2(x2)|0〉+ 〈0|O∆1(x1)GO∆2(x2)|0〉
=〈0|[G,O∆1(x1)

]O∆2(x2)|0〉+ 〈0|O∆1(x1)
[
G,O∆2(x2)

]|0〉 (2.89)

We will use this relation together with (2.85)-(2.87) to determine the form of two-point
functions involving conformal fields. We will only be concerned with spinless fields where
Σµν = 0, since these are the ones we will be working with later. Let us denote the two-point
function by f12(x1, x2) and consider G = Pµ. Equations (2.89) and (2.86) then give

( ∂

∂xµ
1

+
∂

∂xµ
2

)
f12(x1, x2) = 0. (2.90)

If we define the two coordinates y = x1 + x2, z = x1 − x2 and consider f12 as a function of
these new independent coordinates, the above equation says that f12(x1, x2) only depends
on the difference z and we write f12(x1 − x2) = f12(z). Without loosing generality, we can
shift one of the coordinates to zero and restrict our attention to the correlation functions
〈O∆1(z)O∆2(0)〉 = f12(z). We now set G = D and get from the above

(
∆1 + ∆2 + zµ ∂

∂zµ

)
f12(z) = 0, (2.91)

20



which has the general solution

f12(z) = C12|z|−∆1−∆2 . (2.92)

Finally, we set G = Kµ and use the above result to obtain
(
2∆1zµ + 2zµz

ν∂ν − z2∂µ

)
|z|−∆1−∆2 = 0, (2.93)

which is only satisfied if ∆1 = ∆2. Two-point functions are then non-vanishing only if the
two fields have the same conformal dimension. In that case they are given by

〈O∆(x1)O∆(x2)〉 =
C12

|x1 − x2|2∆
. (2.94)

The constant C12 depends of the normalization of the fields and has no physical significance.
A similar procedure can be used to determine the structure of three-point functions, but
they will not be important in this thesis and we will not give the derivation here.

Equation (2.94) is the most important result in this subsection. In the following two
sections we will concentrate on the explicit calculation of conformal dimensions of a certain
class of operators.

When calculating propagators in quantum field theory, it is often convenient to work in eu-
clidian space instead of Minkowski space. This is obtained by substituting Minkowski time
tM = x0 with the imaginary euclidian time −ix4. The metric is then ηµν = diag(+ + ++),
where µ, ν ∈ {1, 2, 3, 4} and the euclidian version of the conformal algebra is isomorphic
to SO(1, 5).

The AdS5 energy or conformal hamiltonian is naturally identified with J05 (see (2.39)-
(2.44)). When going to euclidian space this generator is exchanged with the dilatation
generator:

J05 ↔ J45. (2.95)

Hence, we expect to match the energy of states in AdS5 with the conformal dimension of
operators.

3 N = 4 Supersymmetric Yang-Mills Theory
The conformal field theory appearing in the AdS/CFT correspondence is a supersymmetric
Yang-Mills theory in four-dimensional Minkowski space, referred to as N = 4 SYM for
short. The theory contains the maximal amount of supersymmetry (N = 4) allowed in a
theory without gravity and possesses an internal SU(4) R-symmetry.

Our main objective on the gauge theory side of the AdS/CFT correspondence will be to
calculate the conformal dimension of operators as a function of the R-charges carried by the
operators. We assume that the conformal dimension can be written as a perturbation series
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in the gauge theory coupling g2
Y M , and our goal is to calculate the one-loop correction (the

anomalous dimension) in the planar limit. The most important result of this section will be
the structure of the one-loop planar dilatation operator, which has anomalous dimensions
as eigenvalues.

We start by deriving the action ofN = 4 SYM, and comment on the bosonic symmetries
of the theory. In particular, the R-symmetries will play an important role, and we define
three complex scalar fields with phases conjugate to the three Cartan generators of the R-
symmetry algebra. We then calculate two-point correlation functions involving operators
that are a product of three complex scalar fields to one-loop, and show how these can be
written in terms of matrix model correlators. The fact that two-point correlation functions
in N = 4 SYM should coincide with the form of correlation functions in any conformal field
theory (given in the last section) is used to define the one-loop dilatation operator. It is
then shown that the action of the dilatation operator simplifies considerably in the planar
limit and that the anomalous dimension becomes proportional to the ’t Hooft coupling
λ = Ng2

Y M . Finally, we discuss marginal deformations of N = 4 SYM and how the planar
dilatation operator is affected by the simplest of such deformations.

3.1 Action and Symmetries

The Lagrangian of N = 4 SYM is uniquely determined by requiring N = 4 supersymmetry
and that the theory is renormalizable. It can be constructed from scratch [23], but in the
context of string theory and D-branes, it is more natural to derive it by dimensional
reduction from d = 10 to d = 4.

Dp-branes are hyperplanes with p spatial dimensions that arise in theories of open
strings when one imposes Dirichlet boundary conditions on the strings. The endpoints of
an open string are "attached" to the Dp-brane and can only move tangential to this. The
massless spectrum of open bosonic strings gives rise to a Maxwell field living on the (p+1)-
dimensional world-volume of the Dp-brane and (d− p− 1) massless fields transforming as
Lorentz scalars on the world-volume of the brane [20]. If we consider a stack of N D-branes
on top of each other, there is N2 possible ways for a given string to have its endpoints
attached to a brane and a U(N) gluon field is living on the world-volume of the branes
instead of a U(1) Maxwell field. In superstring theory, there will also be massless fermions
that interact with the gauge bosons, and the low energy theory on the world-volume of the
branes is a supersymmetric Yang-Mills theory.

All the fields in the theory carry the adjoint representation of the gauge group U(N)
and are thus given by hermitian N × N matrices. It is often convenient to expand the
fields in terms of the N2 generators T a, with which a generic hermitian matrix field can
be written

Φαβ(x) = Φa(x)T a
αβ, (3.1)

where a ∈ {0, 1, . . . , N2−1}, and T 0 is the diagonal U(1) generator. We use the conventions
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of [24], which give the following relations for the generators

[T a, T b] = ifabcT c, T r(T aT b) =
1

2
δab, T a

αβT a
γδ =

1

2
δαδδβγ, (3.2)

where fabc are the structure constants of U(N).
It is particularly interesting to consider a stack of D3-branes, since their world volume is

four-dimensional Minkowski space. The supersymmetric Yang-Mills theory should contain
a gluon field and six scalar fields giving a total of eight on-shell bosonic degrees of freedom.
This should also be the number of on-shell fermionic degrees of freedom and can be matched
by four Majorana spinors or four Weyl spinors. To find the lagrangian of this theory we
consider a stack of D9-branes. Their world volume is simply ten-dimensional spacetime
itself and the massless string spectrum does not contain any scalars. The ten-dimensional
supersymmetric gauge theory then has an euclidian action given by

SY M =
1

g2
Y M

∫
d10x

[1

4
F a

MNF a
MN +

1

2
χ̄aΓM(DMχ)a

]
, (3.3)

with

F a
MN = ∂MAa

N − ∂NAa
M + fabcAb

MAc
N , (3.4)

(DMχ)a = ∂Mχa + fabcAb
Mχc, (3.5)

and gauge group U(N). This action is invariant under a certain supersymmetry trans-
formation provided we take χ to be a Majorana-Weyl spinor [25]. The gauge theory
in four dimensions can be found by dimensional reduction of this theory. We now let
µ, ν ∈ {0, 1, 2, 3} and i, j ∈ {4, 5, 6, 7, 8, 9} and get for the field strength

F a
µν =∂µA

a
ν − ∂νA

a
µ + fabcAb

µA
c
ν , (3.6)

F a
µi =∂µA

a
i + fabcAb

µA
c
i = (DµAi)

a, (3.7)

F a
ij =fabcAb

iA
c
j. (3.8)

We rename the scalar fields Ai = φi and take i, j ∈ {1, 2, 3, 4, 5, 6}. The first term in (3.3)
can then be written

1

4
F a

MNF a
MN =

1

4
F a

µνF
a
µν +

1

2
(Dµφi)

a(Dµφi)
a +

1

4
fabcfadeφb

iφ
c
jφ

d
i φ

e
j . (3.9)

With this notation, the spinor term becomes

1

2
χ̄aΓM(DMχ)a =

1

2
χ̄aΓµ(Dµχ)a +

1

2
fabcχ̄aΓiφ

b
iχ

c, (3.10)

and we get the action in four euclidian dimensions

S =
1

g2
Y M

∫
d4x

{
1

4
F a

µνF
a
µν +

1

2
(Dµφi)

a(Dµφi)
a +

1

4
fabcfadeφb

iφ
c
jφ

d
i φ

e
j

+
1

2
χ̄aΓµ(Dµχ)a +

1

2
fabcχ̄aΓiφ

b
iχ

c

}
. (3.11)
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We could also make a dimensional reduction of the Majorana-Weyl spinor χ by writing
the 16-dimensional matrices ΓM in terms of four-dimensional gamma-matrices [25]. This
would result in an SU(4) quartet of Weyl spinors, but we prefer to keep the action in the
present form. The six scalars carry a sextet of SU(4), but since the Lie algebra of SU(4)
is isomorphic to the Lie algebra of SO(6), we can think of this as the vector representation
of SO(6). The internal SU(4) symmetry in the action is called R-symmetry.

3.1.1 Conformal Invariance

The action (3.11) can be shown to have classical conformal invariance by using the trans-
formations derived in the last section. Quite obviously, it is invariant under Poincaré
transformations so one just needs to demonstrate the invariance under dilatations and
special conformal transformations. The fields transform according to

DΦ∆(x) = −i
(
∆ + xµ∂µ

)
Φ∆(x), (3.12)

KµΦ∆(x) = −i
(
2∆xµ + 2xµx

ν∂ν − x2∂µ

)
Φ∆(x)− xνΣµνΦ∆(x), (3.13)

where ∆ is the mass dimension of the fields (∆F = 2, ∆φ = ∆A = 1 and ∆χ = 3/2). As
an example, we can take field strength term. Under an infinitesimal dilatation, the term
will transform like

FµνF
µν → (1− iσD)FµνF

µν = FµνF
µν − 2σF µνxρ∂ρFµν − 4σFµνF

µν

= FµνF
µν − σ∂ρ(x

ρFµνF
µν).

A total derivative like the second term in the last line can be neglected if we assume the
fields vanish at infinity and the transformation thus leaves the action invariant. By the
same procedure, we get for an infinitesimal special conformal transformation

FµνF
µν → (1− iερKρ)FµνF

µν = FµνF
µν − ερFµν(8xρ + 4xρx

σ∂σ − 2x2∂ρ)F
µν

= FµνF
µν − 2ερ∂σ(xσxρFµνF

µν) + ερ∂ρ(FµνF
µνx2),

and again, we neglect the total derivatives and conclude that this term is invariant under
conformal transformations. The other terms in the action can be shown to be conformally
invariant by the same procedure, but we will not go through all of them.

Usually, conformal invariance is broken when field theories are quantized, since the
coupling constant becomes scale dependent under renormalization. The 1-loop β-function
for a gauge theory with Ns real scalars and Nf Dirac fermions is given by [25]

β(gY M) =
g3

Y M

(4π)2

[
− 11

3
cg +

1

6
Nscs +

4

3
Nfcf

]
, (3.14)

where the c’s are determined by the representation of the various fields by Tr(T aT b) = cδab.
In N = 4 SYM, the complete β-function is given by the 1-loop contribution [23], and since
all the fields are in the same representation and with two Dirac spinors and six scalars, the
β-function vanishes. Therefore, the coupling constant of N = 4 SYM does not run and
conformal invariance is maintained in the quantum theory.

24



3.1.2 R-Charges

The scalar fields are in the vector representation of SO(6) and we should thus be able
to label fields involving scalars by quantum numbers associated with this group. The
Cartan subalgebra of SO(6) is three-dimensional, and an obvious choice of basis is the
three commuting charges J1 ≡ J12, J2 ≡ J34 and J3 ≡ J56 belonging to the subgroup
SO(2) × SO(2) × SO(2) or equivalently U(1) × U(1) × U(1). These charges generate
translations in the phases of the three complex fields

X =
1√
2

(
φ1 + iφ2

)
, (3.15)

Y =
1√
2

(
φ3 + iφ4

)
, (3.16)

Z =
1√
2

(
φ5 + iφ6

)
, (3.17)

as is well known from the theory of angular momentum.8 We can then label any product
of the complex fields above by the three quantum numbers J1, J2 and J3 and we will write

OJ1,J2,J3(x) = Tr[XXY XZXY Y . . .], (3.18)

for a field with J1 X’s, J2 Y ’s and J3 Z’s.
The conformal algebra commutes with the SU(4)R algebra, but both are part of an

even larger superconformal algebra denoted PSU(2, 2|4). When one has a field theory
with only Poincaré invariance and supersymmetry, the algebra of the generators closes to
form a graded Lie algebra called a superalgebra, but when one extends Poincaré invariance
to conformal invariance the algebra no longer closes. The commutators of special confor-
mal generators and supersymmetry generators give rise to new fermionic generators called
the superconformal generators and the anticommutators of superconformal generators and
supercharges give rise to new bosonic generators which are the R-charges. With the R-
charges, the algebra closes and we can display the superconformal algebra schematically
by the matrix

(
Pµ, Kµ,Mµν , D Q, S̄

Q̄, S R

)
, (3.19)

where Q represents the supercharges, S represents the superconformal charges and R rep-
resents the R-charges. The bosonic subalgebra then consists of the blocks on the diagonal,
which in our case are SO(2, 4) and SU(4).

3.2 Correlation Functions

The correlation functions we consider here are euclidian two-point functions of operators
consisting of complex scalar fields such as (3.18). The combinatorics of Wick contractions

8For example, the function (x ± iy)m is proportional to the spherical harmonic Y ±m
m and thus carries

angular momentum ±m.
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are rather complicated, because we are dealing with matrix fields. It can however, be
efficiently captured in a matrix model correlator, which we will define below. In the end,
we will be able to express a generic two-point function of complex scalars to one-loop in
terms of matrix model correlators. The evaluation of these correlators is non-trivial, but
as we will see in the next section, it will not be necessary to calculate them explicitly.

3.2.1 Matrix Models

The matrix model we use can be viewed as a gaussian average of a function of complex
matrices M :

〈f(M)〉MM ≡
∫

dMdM̄f(M)e−Tr[MM̄ ], dMdM̄ =
N∏

a,b=1

dReMabImMab

π
. (3.20)

The integral measure is normalized so 〈1〉MM = 1. One can calculate such averages by the
usual method of introducing source terms in the path integral. For example, we can write

〈MαβM̄γδ . . .〉MM =
∂

∂S̄βα

∂

∂Sδγ

. . .

∫
dMdM̄e−MabM̄ba+MabS̄ba+SabM̄ba

∣∣∣∣
S=S̄=0

=
∂

∂S̄βα

∂

∂Sδγ

. . . eSabS̄ba

∣∣∣∣
S=S̄=0

, (3.21)

where we completed the square

−MabM̄ba + MabS̄ba + SabM̄ba = −(Mab − Sab)(M̄ba − S̄ba) + SabS̄ba, (3.22)

and changed variables to obtain the last expression. From this, we note that any non-
vanishing matrix model correlator with a given number of matrix elements should contain
the same number of complex conjugated matrix elements. One trivially finds the matrix
model "propagator"

〈MαβM̄γδ〉MM = δαδδβγ, (3.23)

but the evaluation of correlators becomes more involved when longer strings of matrix
elements are involved. For example

〈Tr[MJ ]Tr[M̄J ]〉MM =
1

J + 1

(
Γ(N + J + 1)

Γ(N)
− Γ(N + 1)

Γ(N − J)

)
, (3.24)

with N > J > 0 was calculated in [24] with the help of general matrix model techniques.
Fortunately, it will not be necessary to perform such calculations in the following.

Matrix models can be regarded as zero-dimensional field theories and are nice tools for
extracting the combinatorics involved when one is to calculate correlation functions with
trivial spacetime dependence in a matrix field theory.
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3.2.2 Tree-level Correlators

The free propagator of the scalar fields in N = 4 SYM can be obtained directly from the
action (3.11). It is the Green function for the laplacian operator and is given by

〈0|φa
i (x)φb

j(0)|0〉 = g2
Y Mδijδ

ab

∫
d4p

(2π)4

eipx

p2
= g2

Y Mδijδ
ab

∫
d4p

(2π)4
eipx

∫ ∞

0

dαe−αp2

= g2
Y Mδijδ

ab

∫ ∞

0

dαe−
x2

aα

∫
d4p

(2π)4
e−αp2

=
g2

Y M

(4π)2
δijδ

ab

∫ ∞

0

dα

α2
e−

x2

aα =
g2

Y M

4π2x2
δijδ

ab. (3.25)

It will be more useful to use the propagators of matrix elements instead of the component
fields as above. Using (3.2), and the result above we see that these can be written

〈0|(φi)αβ(x)(φj)γδ(0)|0〉 =
g2

Y M

8π2x2
δijδαδδβγ. (3.26)

If we use the Feynman gauge, the propagators of gauge fields are given by the same
expressions as (3.25) and (3.26), so we can write

〈0|Aµ
αβ(x)Aν

γδ(0)|0〉 =
g2

Y M

8π2x2
δµνδαδδβγ. (3.27)

We will mostly be interested in correlation functions of the complex scalar fields given
in (3.15)-(3.17). The free propagators are easily calculated from (3.26) and we have for
example

〈0|Zαβ(x)Z̄γδ(0)|0〉0 =
g2

Y M

8π2x2
δαδδβγ, (3.28)

〈0|Zαβ(x)Zγδ(0)|0〉0 = 〈0|Z̄αβ(x)Z̄γδ(0)|0〉0 = 0, (3.29)

and similar for X and Y . From the equation above, it should be clear that any non-
vanishing correlation function consisting of complex scalar fields contains an equal number
of complex conjugated fields. A generic field made out of a string of complex scalars has the
form (3.18), and the correlation functions we are interested in, are the two-point functions

〈0|O(x)Ō(0)|0〉. (3.30)

As an example, we consider the operator O(x) = Tr[ZJ ]. At tree-level, the two-point
function of this operator and its complex conjugate taken at the origin gives J factors of
the scalar propagator times a combinatorial factor. The combinatorial factor is exactly
that given by the matrix model correlator (3.24), and we can write

〈0|Tr[ZJ ]Tr[Z̄J ]|0〉0 =

(
g2

Y M

8π2x2

)J

〈Tr[ZJ ]Tr[Z̄J ]〉MM . (3.31)

27



This is also true for operators that are products of all three complex scalars. At tree-level,
the two-point correlation function of operators containing an arbitrary number of X, Y ,
and Z can thus be written

〈0|Oα(x)Ōβ(0)|0〉0 =

(
g2

Y M

8π2x2

)J

〈OαŌβ〉MM . (3.32)

The combinatorics are of course more complicated when three complex scalars are involved,
since then the matrix model should include three matrix fields.

3.2.3 One-loop Corrections

We now wish to calculate the one-loop radiative corrections to the two-point correlation
functions above. There is a nice cancelation of the one-loop interaction terms at hand as
shown in [26]. To see how it comes about, we leave the complex fields for a while and
calculate two-point functions of multi-trace operators consisting of arbitrary sequences of
the six real fields φi:

O(x) = Tr[φi1(x)φi2(x)φi3(x) . . .]Tr[. . .] . . . , (3.33)

with a total of J fields. The two-point correlation function of such operators can be
calculated with the expression

〈0|O(x)O(0)|0〉 = exp
(1

2

δ

δϕ
∆ϕ

δ

δϕ

)
O(x)O(0) exp−SI

∣∣∣
ϕ=0

, (3.34)

where we have used ϕ to symbolically represent all the fields in the action and the integrals
and sums in the first exponential have been suppressed.

The first order contributions to the two-point functions come from the scalar four-
point interaction, the scalar self-energy, and the gluon exchange .These are shown in figure
5 for single-trace operators, where we have represented the operators as circles with J
insertions to represent the trace structure. It should be noted that to get the gluon exchange
and scalar self energy, the action must be expanded to second order, whereas the scalar
interaction term comes from an expansion to first order. This is due to the factor of g2

Y M

that comes along with the propagators. The four-point interaction has two propagators
more than a free diagram and one interaction vertex, whereas the scalar self-energy and
gluon exchange both have three propagators more than a free diagram and two interaction
vertices. The three diagrams thus each contribute with one extra factor of g2

Y M in the
correlation functions.

The diagrams are all divergent and need to be properly regularized, but we will not go
into detail with this. Instead, we will show how the one-loop corrections to the two-point
functions can be expressed in terms of matrix model vertices. We start with the scalar
interaction part of the action, which can be written

1

4g2
Y M

∫
d4xfabcfadeφb

iφ
c
jφ

d
i φ

e
j = − 1

2g2
Y M

∫
d4xTr[φi, φj][φi, φj]. (3.35)
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Figure 5: The three contributions to two-point correlation functions at one-
loop. Gluon exchange, scalar self-energy and scalar interaction. The gluon
exchange, and scalar self-energy involve two extra vertices reflecting that they
correspond to a second order expansion in the interaction part of the action.

Once again, the combinatorics of the calculation become quite involved and we want to
separate the correlation function into a spacetime part and a matrix model correlator. Tad-
pole diagrams do not contribute to the final expression, so the four fields in the interaction
term should only be contracted with external fields. The one-loop contribution from the
scalar interaction can then be written

〈0|O(x)O(0)|0〉SI =
1

2g2
Y M

( g2
Y M

8π2x2

)J−2(g2
Y M

8π2

)4

〈O+VSIO−〉MM

∫
d4z

(z − x)4z4

= −
( g2

Y M

8π2x2

)J g2
Y ML

64π2
〈O+VSIO−〉MM , (3.36)

where in the last line we defined L to be the minus divergent integral times x4/2π2. The
integral can be evaluated in dimensional regularization with d = 4− ε and gives

L = log x−2 − (
1

ε
+ γ + log π + 2) ≡ log(Λx)−2, (3.37)

where we have introduced a constant Λ that goes to infinity as ε → 0. The divergent term
can be canceled by an appropriate renormalization of the operators in the theory. The
combinatorial factor has been written as the matrix model correlator 〈O+VSIO−〉MM . To
find an explicit expression for this factor, we must use the fact that the scalar fields in
(3.35) can either couple to fields sitting at x or 0, and we need a way to keep track of these
two possibilities. This is accomplished by introducing the matrix model fields

φi(0) → φ−i , φi(x) → φ+
i , (3.38)

with "propagators"

〈(φ−i )αβ(φ+
j )γδ〉MM = δijδαδδβγ, (3.39)

〈(φ−i )αβ(φ−j )γδ〉MM = 〈(φ+
i )αβ(φ+

j )γδ〉MM = 0. (3.40)

The matrix model operators O+ and O− above consist only of φ+’s and φ−’s, respectively,
and the matrix model vertex VSI can be found by replacing all the fields in the interaction
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term by φi → φ+
i + φ−i and collecting terms with two φ+ and two φ−. This yields the

matrix model vertex

1

2
VSI =: Tr[φ+

i , φ−j ][φ+
i , φ−j ] : + : Tr[φ+

i , φ−j ][φ−i , φ+
j ] : + : Tr[φ+

i , φ+
j ][φ−i , φ−j ] : .

The colons denote normal ordering and means that when the vertex is placed in a corre-
lator, the matrix model fields should only be contracted with external fields, not among
themselves. This is because the tadpole diagrams do not contribute to the two-point func-
tions. It is convenient to rewrite the second term in this vertex as

Tr[φ+
i , φ−j ][φ−i , φ+

j ] = Trφ+
i [φ−j , [φ−i , φ+

j ]] (3.41)
= −Trφ+

i [φ−i , [φ+
j , φ−j ]]− Trφ+

i [φ+
j , [φ−j , φ−i ]] (3.42)

= −Tr[φ+
i φ−i ][φ+

j , φ−j ]− Tr[φ+
i , φ+

j ][φ−j , φ−i ], (3.43)

where we used the Jacobi identity and the fact that the fields can be cyclic permutated
inside the trace. Inserting this, the matrix model vertex becomes

1

2
VSI =: VD : + : VF : + : VK :, (3.44)

where

VD = −Tr[φ+
i , φ−i ][φ+

j , φ−j ], (3.45)
VF = 2Tr[φ+

i , φ+
j ][φ−i , φ−j ], (3.46)

VK = Tr[φ+
i , φ−j ][φ+

i , φ−j ]. (3.47)

This form of the vertex is practical, because it has been split in parts that couple to the
symmetric, antisymmetric, and trace part of operators as we now explain. Consider the
linear combination of operators

Ok = Ci1i2...ikTr[φi1φi1φi2 . . . φik ]. (3.48)

When the matrix model vertex VSI is contracted with this operator, we can take all the
fields to be minus valued and contract them with the plus valued fields in VSI . We then
see that VD only couples to the symmetric part, VF couples to the antisymmetric part, and
VK couples to the trace part. Here, trace refers to a contraction of any two indices. As an
example, one can easily verify that the Konishi operator K = Tr[φiφi], couples to VK and
VD, but not to VF .

One can perform similar calculations with the gluon exchange term and the scalar self
interaction. The result is [26]

〈0|O(x)O(0)|0〉SE = −
( g2

Y M

8π2x2

)J g2
Y M(L + 1)

8π2
〈O+ : VSE : O−〉MM , (3.49)

〈0|O(x)O(0)|0〉GE = −
( g2

Y M

8π2x2

)J g2
Y M(L + 2)

32π2
〈O+ : VGE : O−〉MM , (3.50)
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where the matrix model vertices are given by

VSE = Tr(φ−i )Tr(φ+
i )−NTr(φ−i φ+

i ), (3.51)
VGE = VD, (3.52)

The complete one-loop contribution to the correlation function is then given by the sum
of (3.36), (3.49), and (3.50):

〈0|O(x)O(0)|0〉1−loop = −
( g2

Y M

8π2x2

)J[g2
Y M(L + 1)

8π2
〈O+

(1

2
: VD : + : VSE :

)
O−〉MM

+
g2

Y ML

32π2
〈O+

(
: VF : + : VK :

)O−〉MM

]
. (3.53)

The remarkable thing here is that the matrix model correlator involving VD and VSE

vanishes. To show this, we first note that we can write the vertices without the normal
ordering symbols by just subtracting the terms we get from self-contractions among the
fields in a vertex:

: −1

2
Tr[φ+

i , φ−i ][φ+
j , φ−j ] := −1

2
Tr[φ+

i , φ−i ][φ+
j , φ−j ] + 2NTr(φ−i φ+

i )− 2Tr(φ−i )Tr(φ+
i ),

and the matrix model correlator in the first line of (3.53) can thus be written

〈O+
(
− 1

2
[φ+

i , φ−i ][φ+
j , φ−j ] + NTr(φ−i φ+

i )− Tr(φ−i )Tr(φ+
i )

)
O−〉MM . (3.54)

We concentrate on the first φ+
i in this vertex. It must either be contracted with external

φ−’s or with one of the φ− appearing in the vertex itself. If we consider an arbitrary trace
of k scalars O− = Tr[φ−i1φ

−
i2
φ−i3 . . . φ−ik ] and sum all possible contractions with this field, we

get

Tr[φ+
i , φ−i ][φ+

j , φ−j ] ◦ Tr[φ−i1φ
−
i2
φ−i3 . . . φ−ik ]

=Tr
(
[φ−i1 , [φ

+
j , φ−j ]]φ−i2φ

−
i3

. . . φ−ik
)

+ Tr
(
φ−i1 [φ

−
i2
, [φ+

j , φ−j ]]φ−i3 . . . φ−ik
)

+ Tr
(
φ−i1φ

−
i2
[φ−i3 , [φ

+
j , φ−j ]] . . . φ−ik

)
+ . . . + Tr

(
φ−i1φ

−
i2
φ−i3 . . . φ−ik−1

[φ−ik , [φ
+
j , φ−j ]]

)

=− Tr
(
[φ+

j , φ−j ]φ−i1φ
−
i2
φ−i3 . . . φ−ik

)
+ Tr

(
φ−i1φ

−
i2
φ−i3 . . . φ−ik [φ

+
j , φ−j ]

)
= 0,

where we used the cyclicity of the trace and that terms in the sum cancel pairwise. Fur-
thermore, contracting the first φ+

i in (3.54) with the φ−’s in the vertex itself results in
terms that cancel with the remaining quadratic terms in (3.54). The only vertices that
contribute to one-loop correlation functions are thus VF and VK , and we get the final result

〈0|O(x)O(0)|0〉1−loop = −
( g2

Y M

8π2x2

)J g2
Y ML

32π2
〈O+

(
: VF : + : VK :

)O−〉MM . (3.55)

Since VF and VK only couple to the antisymmetric and trace part of the tensor operators
in (3.48), correlation functions of operators that are symmetric and traceless do not receive
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one-loop radiative corrections. Such operators are called chiral primary or 1/2 BPS and
have vanishing anomalous dimension. Examples of such operators are

Tr[XJ ], T r[Y J ], T r[ZJ ], T r[φiφj]− 1

6
δijTr[φkφk]. (3.56)

In fact, we will use Tr[ZJ ] as a "groundstate" when we explicitly calculate the anomalous
dimension of a certain class of operators in the next section.

We now return to operators that are words of the complex scalar fields X, Y , and Z
and consider the correlators 〈0|O(x)Ō(0)|0〉. Such operators are traceless in the sense used
above and we can neglect the matrix model vertex VK . This can easily be seen if we express
the vertex in terms of the complex scalars:

VK =[φ+
i , φ−j ][φ+

i , φ−j ]

=
1

4
Tr

(
[X+ + X̄+, X− + X̄−]2 − [X+ + X̄+, X− − X̄−]2 + . . .

)

=Tr
(
[X+, X−][X+, X̄−] + [X+, X̄−][X̄+, X−]

+ [X̄+, X̄−][X̄+, X−] + [X̄+, X̄−][X+, X−] + . . .
)
. (3.57)

A non-vanishing matrix model correlator should contain an equal number of barred and
un-barred fields, so the first and third term will not contribute. In addition, the correlators
only contain un-barred fields at x (which is translated to X+ in the matrix model correlator)
and therefore, the second and fourth terms cannot be completely contracted with external
any fields in the correlator. We are then left with VF , which we will also express in terms
of complex scalars:

VF =2Tr[φ+
i , φ+

j ][φ−i , φ−j ]

=− 2Tr[X+ + X̄+, X+ − X̄+][X− + X̄−, X− − X̄−]

+ 2Tr[X+ + X̄+, Y + + Ȳ +][X− + X̄−, Y − + Ȳ −]− . . . (3.58)

Again, since we should contract this with operators in the matrix model correlators that
only contain plus valued X, Y , and Z and minus valued X̄, Ȳ , and Z̄, we throw away
terms in the vertex that contain minus valued X, Y , and Z or plus valued X̄, Ȳ , and Z̄.
We are then left with

VF = 4Tr
(
[X+, Y +][X̄−, Ȳ −] + [Y +, Z+][Ȳ −, Z̄−] + [Z+, X+][Z̄−, X̄−]

)
. (3.59)

In the following, we suppress the +/− superscripts, since we know that they go with
un-barred/barred fields.

The tree-level and one-loop contributions to correlation functions of complex scalars
share a common factor of (g2

Y M/8π2x2)J . We can get rid of this by rescaling operators
containing J complex scalar fields by a factor of (g2

Y M/8π2)J/2, so the tree-level part is
zeroth order in g2

Y M , and the one-loop part is first order in g2
Y M . We can then summarize the

evaluation of two-point correlation function of complex scalars to one-loop: Any multi-trace
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operator Oα involving the three complex scalars X, Y , and Z, with tree-level conformal
dimension J , is given to one-loop by

〈Oα(x)Ōβ(0)〉 =
1

x2J

(
Sαβ + Tαβ log(kx)−2

)
, (3.60)

where k is a constant introduced to make the argument of the logarithm dimensionless,
Sαβ and Tαβ are the matrix model correlators

Sαβ = 〈OαŌβ〉MM , Tαβ = 〈OαHŌβ〉MM , (3.61)

and H is given by the interaction vertex

H = −g2
Y M

8π2
:
(
Tr[X, Y ][X̄, Ȳ ] + Tr[Y, Z][Ȳ , Z̄] + Tr[Z, X][Z̄, X̄]

)
: . (3.62)

3.3 The Dilatation Operator

We will now show how to use the general form of correlation functions in conformal field
theory to relate the dilatation operator with the effective vertex (3.62) obtained in pertur-
bation theory.

In the last section, it was shown that two-point correlation functions of fields with
definite conformal dimension have the generic form

〈O∆1(x1)Ō∆1(x2)〉 =
C12

|x1 − x2|2∆
, (3.63)

where C12 is zero unless ∆1 = ∆2. The fields all have tree-level conformal dimension
∆ = J1 + J2 + J3 ≡ J , but when quantum corrections are included, the operators will mix
and are no longer have definite conformal dimension. To find a set of operators that have
a well-defined conformal dimension when one-loop radiative corrections are included, we
need to consider the set of multi-trace operators

Oα = Tr[XXY XZ . . .]Tr[ZZY ZX . . .]Tr[XY Y Y X . . .] . . . , (3.64)

with tree-level conformal dimension J . It is not enough to just consider the single-trace
operators (3.18) since in general the eigenstates of the dilatation operator will be linear
combinations of both single and multi-trace operators.

We are looking for a basis transformation to a set of fields O′
A that carry a definite

scaling dimension at one-loop. We denote the anomalous piece of the dilatation operator
by D, and have DO′

A = ∆AO′
A, where ∆A is the anomalous dimension associated with O′

A.
Expressing the fields (3.64) in this basis gives

Oα = VαAO′
A, (3.65)

and we have

DOα = ∆AVαAO′
A = VαA∆AV −1

Aβ Oβ ≡ DαβOβ, (3.66)
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where we have defined the anomalous dimension matrix Dαβ.
We will now assume that the one-loop corrections are small and write ∆ = J + ∆A,

with ∆A ¿ 1. Using equation (3.63) with the fields O′
A and expanding |x|−2∆A in the small

exponent then give

〈O′
A(x)Ō′

B(0)〉 =
δABCA

|x|2J

(
1 + ∆A log |kx|−2

)
, (3.67)

where k is just an arbitrary constant extracted from the normalization to make the argu-
ment of the logarithm dimensionless. Using this expression and (3.65), we get for a generic
two-point function:

〈Oα(x)Ōβ(0)〉 = VαAV ∗
βB〈O′

A(x)Ō′
B(0)〉 (3.68)

= VαAV ∗
βB

δABCA

|x|2J

[
1 + ∆A log |kx|−2

]
(3.69)

=
1

|x|2J

[
(V CV †)αβ + (V C∆V †)αβ log |kx|−2

]
, (3.70)

where we defined the diagonal matrices CAB = δABCA and ∆AB = δAB∆A. This should
coincide with the result obtained using perturbation theory and Feynman diagrams (3.60).
Comparing the two, we see that we can identify the matrices

Sαβ = 〈OαŌβ〉MM = (V CV †)αβ, (3.71)
Tαβ = 〈OαHŌβ〉MM = (V C∆V †)αβ, (3.72)

and we get

(TS−1)αβ = (V C∆V †V †−1C−1V −1)αβ = (V ∆V −1)αβ = Dαβ, (3.73)

since the diagonal matrices ∆ and C commute.
Now, H is given by

H = −g2
Y M

8π2
:
(
Tr[X, Y ][X̄, Ȳ ] + Tr[Y, Z][Ȳ , Z̄] + Tr[Z, X][Z̄, X̄]

)
:, (3.74)

and if we contract the barred fields of H with any unbarred fields in the multi-trace operator
(3.64), we get an operator of the same kind. This means that we can write

H ◦ Oα = HαβOβ, (3.75)

or

Tαβ = 〈OαHŌβ〉MM = Hαγ〈OγŌβ〉MM = HαγSγβ, (3.76)

and therefore we have the identity

Hαβ = TαγS
−1
γβ = Dαβ. (3.77)

This final result is very relieving. We do not have to delve into an involved evaluation of
the matrix model correlators Sαβ and Tαβ to find anomalous dimensions. Instead, we need
to diagonalize Hαβ on the set of multi-trace operators (3.64). This is not an easy task,
however, but as we will show, the problem is simplified a lot in the planar (large N) limit,
where we can map the dilatation operator to a Heisenberg spin chain.
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3.3.1 The Planar Limit

In order to calculate the anomalous dimension matrix, we need to consider contractions of
a generic field with H.

To see how this works, consider the first term appearing in H contracted with a generic
single-trace operator Oα inside the correlator 〈OαHŌβ〉MM

Tr[X, Y ][X̄, Ȳ ] ◦ Tr[XXY XZ . . . Z], (3.78)

or, if we write out the indices

[XabYbc − YabXbc][X̄cdȲda − ȲcdX̄da] ◦ [XijXjkYklXlmZmn . . . Z.i]. (3.79)

We should make all possible contractions and if we remember the simple form of the
propagators 〈XabX̄cd〉MM = δadδbc and similar for Y and Z, it should be clear that we can
obtain the contractions by mapping

X̄ab → d

dXba

, Ȳab → d

dYba

, Z̄ab → d

dZba

, (3.80)

and letting them act directly on the zero-dimensional matrix operators. Using this picture,
we do not have to worry about matrix model correlators and Wick contractions any more.
We simply obtain the anomalous dimension matrix Dαβ by acting directly on matrix model
operators Oα with H written as a differential operator.

We now consider the action of the XY term in H on a single-trace operator O =
Tr[XAY B], where A and B stand for some product of the three complex scalars. We have
singled out arbitrary X and Y to see what the contribution from contractions with such
fields will be. We get

Tr[X,Y ][X̄, Ȳ ] ◦′ Tr[XAY B] = [X,Y ]ab[X̄bcȲca − ȲbcX̄ca] ◦′ [XijAjkYklBli]

= [X,Y ]ab[AbaBcc − AccBba]

= −Tr[B]Tr[Y,X]A− Tr[A]Tr[X,Y ]B, (3.81)

where the primed circle implies that we are only considering the contribution from the
explicitly appearing X and Y . If X and Y are nearest neighbors, then either A or B are
identity matrices, and we get a factor of N times a single-trace operator. In the planar
limit of the gauge theory where N is taken to infinity, the terms that do not have a factor
of N are sub-leading and we thus see that, when acting with Tr[X,Y ][X̄, Ȳ ], the leading
contributions are those, where the contracted scalars are nearest neighbors in the operator.
In that case we get minus N times the original field plus N times the original field where
X and Y have switched positions. The same argument holds true for the other two terms
in H and we can thus write

DPlanar
1 =

λ

8π2

J∑
i=1

(1− Pi,i+1), (3.82)
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Figure 6: The action of the dilatation operator on a single-trace operator
results in both single-trace operators and two-trace operators, but only the
single-trace operators are multiplied by a factor of N . The dots represent
either X, Y , or Z and the sum in front of the single-trace is over all possible
nearest neighbor contractions. The sum in front of the two-trace is over all
possible ways of constructing the two-trace operator.

where we have introduced the ’t Hooft coupling λ = Ng2
Y M and the permutation operator

Pi,i+1 that permutes the scalar fields at sites i and i + 1.
From (3.81), we observe that in general, the action of H on a single-trace operator

will result in both two-trace operators and single-trace operators, but only the single-trace
operators will carry a factor of N . This is illustrated in figure 6. Conversely, when we act
with the dilatation operator on a two-trace operator, we get both one, two, and three-trace
operators, but only the resulting two-trace operators carry a factor of N . The sector of
single-trace operators thus closes in the planar limit and the action of DPlanar

1 on single-
trace operators will only give back new single-trace operators with the number of each of
the three complex scalars conserved.

The theme of next section will be the diagonalization of (3.82), but first we will show
how the dilatation operator is affected under certain deformations of N = 4 SYM.

3.4 Marginal Deformations of N = 4 SYM

It is interesting to examine whether the AdS/CFT correspondence can be generalized to
theories with less symmetry than N = 4 SYM. Since, we have seen that the duality
is intimately connected to the conformal symmetry of the field theory, we will only be
concerned with deformations of N = 4 SYM that do not destroy the conformal symmetry.9
This class of deformations are called marginal deformations and are characterized by leaving
the β-function invariant. It is most convenient to use the N = 1 superspace formalism
[23, 25], in which the lagrangian of N = 4 SYM is described by a spinorial superfield
strength Wα, a vector superfield V , and three chiral superfields Φi. The three scalars X,
Y , and Z are the lowest components of the three chiral superfields and their coupling is
included in the superpotential

W = Tr[Φ1Φ2Φ3 − Φ1Φ3Φ2]. (3.83)

9It would of course be extremely interesting to generalize the duality to non-conformal field theories,
since QCD does not have conformal invariance at the quantum level. There have been some attempts at
this [19], but it has proven hard and is beyond the scope of this thesis.
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The scalar coupling term in the lagrangian can be obtained from this expression by taking

LSC = Tr

∣∣∣∣
∂W

∂Φ1

∣∣∣∣
2

+ Tr

∣∣∣∣
∂W

∂Φ2

∣∣∣∣
2

+ Tr

∣∣∣∣
∂W

∂Φ3

∣∣∣∣
2

. (3.84)

Only the lowest components of the superfields will survive in this expression so the result
can be obtained by replacing the superfields in (3.84) and (3.83) by X, Y , and Z, which
yields

LSC = Tr
[
[X, Y ][X̄, Ȳ ] + [Y, Z][Ȳ , Z̄] + [Z, X][Z̄, X̄]

]
. (3.85)

A class of marginal deformations was constructed by Leigh and Strassler [16] and is
referred to as Leigh-Strassler or β-deformations. A β-deformed version of N = 4 SYM
contains the superpotential

WLS = ATr[eiπβΦ1Φ2Φ3 − e−iπβΦ1Φ3Φ2] + hTr[Φ3
1 + Φ3

2 + Φ3
3], (3.86)

where h and β are complex parameters and A is a function that can be determined by the
requirement of conformal invariance [27]. We will consider only the simplest of these where
h = 0, β is real and A = 1. The N = 4 supersymmetry is then broken to N = 1, while
preserving the Cartan subalgebra e.i. SU(4)R → U(1)× U(1)× U(1). Neither the SU(4)
symmetry of the undeformed theory, nor the complete U(1)3 symmetry of the deformed
theory are manifest in the superfield formulation, but the symmetries will explicitly show
themselves when we write the interaction in terms of complex scalars. Denoting the real
part of β by γ, the deformed superpotential can then be written

Wγ = Tr[eiπγΦ1Φ2Φ3 − e−iπγΦ1Φ3Φ2]. (3.87)

Until now, we have used the charges that generate translations in the phase of each of the
three complex scalars as a base of the Cartan subalgebra. However, the U(1) R-symmetry
of the deformed theory is mixed in these three U(1) generators. Therefore, we will make a
change of base so one of the U(1) symmetries act by Φi → eiϕ0Φi for i ∈ {1, 2, 3}. The two
remaining U(1) symmetries are then global non-R-symmetries of the theory. Their action
on the fields are

1 : (Φ1, Φ2, Φ3) → (Φ1, e
iϕ1Φ2, e

−iϕ1Φ3), (3.88)
2 : (Φ1, Φ2, Φ3) → (e−iϕ2Φ1, e

iϕ2Φ2, Φ3), (3.89)

and are easily seen to leave the superpotential (3.87) invariant. These symmetries will play
an important role in the identification of the gravity dual of the deformed theory.

The scalar interaction term can again be computed using (3.84) with X, Y , and Z
instead of the chiral superfields, and the result is

LSCγ = Tr
[
Y ZZ̄Ȳ + ZY Ȳ Z̄ − e2πiγY ZȲ Z̄ − e−2πiγZY Z̄Ȳ

+ZXX̄Z̄ + XZZ̄X̄ − e2πiγZXZ̄X̄ − e−2πiγXZX̄Z̄ (3.90)

+XY Ȳ X̄ + Y XX̄Ȳ − e2πiγXY X̄Ȳ − e−2πiγY XȲ X̄
]
.
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Note that this lagrangian has a Z3 symmetry that cyclic permutes the three fields and
is thus invariant under the transformation X → Y , Y → Z, Z → X. A non-cyclic
permutation of the fields (for example X ↔ Y ) has to be accompanied by γ → −γ to leave
the lagrangian invariant.

The one-loop dilatation operator can be obtained from the lagrangian (3.90). In fact
following the procedure of the last two subsections, we simply have to replace the barred
fields by derivatives. As in the undeformed case, the action on a given operator only gives
terms involving a factor of N , when the contractions are taken with nearest neighbor fields.
Once again, we only keep these terms in the planar limit, but since there is a different phase
factor associated with each term, the planar dilatation operator cannot be written as simple
as was done in equation (3.82). Instead, we define the states |1〉i = |X〉i, |2〉i = |Y 〉i, and
|3〉i = |Z〉i associated with site i in the operator. If we then introduce the operator Ei

kl

with the action Ei
kl|m〉i = |k〉iδlm, we can write the planar dilatation operator

DPlanar
γ =

λ

8π2

J∑
i=1

Hi, (3.91)

where

Hi = Ei
22E

i+1
33 + Ei

33E
i+1
22 − e2πiγEi

23E
i+1
32 − e−2πiγEi

32E
i+1
23

+Ei
33E

i+1
11 + Ei

11E
i+1
33 − e2πiγEi

31E
i+1
13 − e−2πiγEi

13E
i+1
31 (3.92)

+Ei
11E

i+1
22 + Ei

22E
i+1
11 − e2πiγEi

12E
i+1
21 − e−2πiγEi

21E
i+1
12 .

Again, we identify the sites i = 1 and i = (J + 1), since we are acting on a trace of fields.
In section 5.4 we will give the gravity dual of this deformation and calculate the energy

of strings in the deformed background. Since marginal deformations maintain conformal
invariance, the AdS part of the gravity dual is not changed. The deformation acts on
the metric of S5 reflecting that we have broken the SU(4) R-symmetry. The deformed
superpotential (3.87) has an U(1) × U(1) global symmetry in addition to the remaining
U(1) R-symmetry and the deformed metric should thus contain a two-torus corresponding
to this symmetry. This is what Lunin and Maldacena exploited in [15] to find the gravity
dual of (3.87).

4 Spin Chains
This section will be devoted to diagonalizing the one-loop planar dilatation operator. To
do this, we turn to a seemingly completely different problem, namely the Heisenberg spin
chain. The hamiltonian for this problem is integrable and was diagonalized in 1931 by
Bethe. It turns out that the one-loop planar dilatation operator can be identified with the
Heisenberg hamiltonian, if we at the same time map the set of single-trace operators to
cyclic spin chains.

We start by shortly reviewing the Heisenberg spin chain and how integrability allows
one to diagonalize the spin chain hamiltonian exactly using Bethe’s ansatz for the position
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space wavefunction. The problem is then shown to be equivalent to the SU(2) sector of
single-trace operators and anomalous dimensions of these are found in the "long" operator
limit (large R-charge). The discussion is then generalized to the SU(3) sector, which is
a bit more involved due to the presence of different "flavors" in the excitation spectrum.
Finally, we turn to the β-deformed spin chain which, by a certain change of base, can be
mapped to the undeformed spin chain with twisted boundary conditions. The deformed
spin chain will be analyzed in the SU(2) sector and the results heuristically generalized to
the SU(3) sector.

4.1 The Heisenberg Model

In solid state systems with localized particles carrying magnetic moments, one can capture
the basic properties with an effective hamiltonian known as the Heisenberg model [28]

HHeisenberg = −
∑
ij

εijσi · σj, (4.1)

where σi is the pauli matrix acting on the particle at lattice site i. If one assumes that
the interaction is short-ranged and constant, we can write εij = J0Cij, where Cij is 1 if
i and j are nearest neighbors and zero otherwise. We then observe that if ε0 < 0, it is
energetically favorable for the particles to become antiparallel, which gives an antiferro-
magnetic groundstate, whereas if ε0 > 0, the particles tend to align their spins and we get
a ferromagnetic groundstate. The hamiltonian of a one-dimensional ferromagnetic system,
with J lattice sites and the energy of the groundstate set to zero, can then be written

HSc =
ε0

2

J∑
i=1

(1− σi · σi+1) = ε0

J∑
i=1

(1− Pi,i+1), (4.2)

and we will refer to this system as an SU(2) spin chain. The last equality simply follows
from the fact that the two operators have the same action on the four states | ↑〉i⊗ | ↑〉i+1,
| ↓〉i ⊗ | ↓〉i+1, | ↓〉i ⊗ | ↑〉i+1 and | ↑〉i ⊗ | ↓〉i+1. We use periodic boundary conditions so
PJ,J+1 = PJ,1.

The set of states we consider have the generic form | ↓↓↑↓↓↓↓↑↓ . . .〉, containing a total
of J sites with M up-spins and M ≤ J/2. If we take the ground state to be all down-spins,
we can think of the up-spins as excitations called magnons or spinwaves in the terminology
of solid state physics.10

The hamiltonian (4.2) can be shown to belong to a family of J commuting operators
and is integrable (see appendix B). This is a term borrowed from classical systems where
all solutions to a system with J degrees of freedom can be classified if one can obtain J
integrals of motion. In a quantum system with J commuting observables, we can assign
J quantum numbers to the eigenstates of the hamiltonian. Finding the eigenenergies for

10The condition of M ≤ J/2 is not an actual restriction, since if M > J/2, we would just choose the
groundstate to be all up-spins and the down-spins would then constitute the excitations.
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a finite spin chain comes down to diagonalizing a 2J × 2J matrix which is a problem
accessible by computer, but in the limit where J becomes large, only analytic methods
work and integrability ensures that the eigenenergies can be found.

The integrability of the spin chain is implied by the existence of an R-matrix R(u)
depending on a spectral parameter u and satisfying a certain Yang-Baxter relation [29].
The R-matrix fulfils

R(u)|u=u0 = P, P
d

du
R(u)|u=u0 = H, (4.3)

where P is the permutation operator and u0 is defined by the first of these equations. The
rest of the conserved charges can be constructed from the R-matrix in a similar manner.11

4.1.1 The Bethe Ansatz

The eigenvalues of the hamiltonian (4.2) can be found using a rigorous approach known
as the algebraic Bethe ansatz as shown in appendix B. However, the procedure is rather
mathematical and it will be more useful to apply the original coordinate ansatz used by
Bethe, which gives a better physical intuition for the interacting magnons. This approach
was reviewed and developed beyond the one loop SU(2) spin chain in [30].

As an example, we will diagonalize the one magnon sector. We denote a state with one
spin-up located at site x by |x〉. The state

|1, J ; p〉 =
J∑

x=1

eipx|x〉, (4.4)

is then seen to be diagonal under the action of HSc

HSc|1, J ; p〉 = ε0

J∑
x=1

eipx
(
2|x〉 − |x + 1〉 − |x− 1〉

)
(4.5)

= ε0

J∑
x=1

(2− e−ip − eip)eipx|x〉 = 4ε0 sin2(
p

2
)|1, J ; p〉. (4.6)

In addition, the periodic boundary conditions give p = 2πn
J
, n ∈ Z, since we require

eip(x+J) = eipx.
The state (4.4) is a Fourier transformation of the coordinate state |x〉, and we can thus

think of the magnon as a propagating particle with momentum p. One might suspect that
this can be generalized to an M -magnon state, which should then be an M -fold Fourier
transform of the coordinate state |x1x2 . . . xM〉 where the xi denotes the position of the up-
spins. Such a state should then be characterized by M momentum variables and simply
describes M particles propagating freely along the spin chain. However, one can easily

11This definition of the R-matrix is the most common in the literature, but note that it differs from the
one used in appendix B.
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verify that for example the fourier transform of the state |x1x2〉 does not diagonalize the
hamiltonian, so this idea is to simple. The reason is that the magnons undergo scattering
when they pass each other and we thus need to consider a wavefunction which incorporates
this. In the context of scattering, integrability implies that scattering events are non-
diffractive, meaning that the momenta involved are individually conserved in the process.

To diagonalize the two-magnon sector, we again make a change of basis to momentum
space, but now with an undetermined wavefunction ψp1p2(x1, x2):

|2, J ; p1, p2〉 =
∑

1≤x1<x2≤J

ψp1p2(x1, x2)|x1x2〉. (4.7)

Inserting this into the Schrödinger equation gives the two equations

x2 = x1 + 1 :
E

ε0

ψp1p2(x1, x2) = 2ψp1p2(x1, x2)− ψp1p2(x1 − 1, x2)− ψp1p2(x1, x2 + 1),

(4.8)

x2 > x1 + 1 :
E

ε0

ψp1p2(x1, x2) = 2ψp1p2(x1, x2)− ψp1p2(x1 − 1, x2)− ψp1p2(x1 + 1, x2)

+2ψp1p2(x1, x2)− ψp1p2(x1, x2 − 1)− ψp1p2(x1, x2 + 1),
(4.9)

and these are solved by the Bethe ansatz for the wavefunction:

ψp1p2(x1, x2) = ei(p1x1+p2x2) + S(p2, p1)e
i(p2x1+p1x2). (4.10)

If both momentum variables are real, we can interpret the Bethe ansatz (4.10) as a super-
position of an in, and an out state. The idea is that the two magnons should either freely
propagate down the lattice or exchange momenta through scattering. The amplitude for
scattering is then given by the S-matrix S(p1, p2) to be determined.

Plugging the ansatz (4.10) into the difference equation (4.9) gives the energy

E = 4ε0

2∑
j=1

sin2
(pj

2

)
. (4.11)

and equation (4.8) then determines the S-matrix:

S(p1, p2) = −eip1+ip2 − 2eip1 + 1

eip1+ip2 − 2eip2 + 1
. (4.12)

We note that S(p1, p2) = S−1(p2, p1). If p1 and p2 are both real, we also get |S|2 =
1 implying probability conservation in scattering events. As in the one magnon sector,
the momenta get fixed by the periodic boundary conditions, so imposing ψp1p2(x1, x2) =
ψp1p2(x2, x1 + L), gives the equations

eip1L = S(p1, p2), eip2L = S(p2, p1). (4.13)
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This is the analog of the simple quantization condition in the one-magnon sector, but now
there is also the possibility of complex solutions. A complex value of a momentum variable
results in a decaying wavefunction, which means that the magnons form a bound state.
Alternatively, we can view (4.13) as the result of translating one magnon J units along
the spin chain. The acquired phase factor eipiJ should be the result of scattering with the
other magnon and is thus given by S(pi, pj).

To solve the M -magnon problem, we will generalize (4.10) to a state labeled by M
momentum variables consisting of terms that represent all possible scattering events. When
inserting this ansatz into the Schrödinger equation, we always get an equation of the form
(4.9) and the energy simply becomes a sum of M terms like those appearing in (4.11). We
also get equations corresponding to (4.8) and these will determine the S-matrix.

In general, one would expect an M -body S-matrix to appear in these equations, but the
fact that the hamiltonian is integrable implies that a general M -magnon scattering event
factorizes into a number of two-magnon scattering events and the M -body S-matrix can
be written as a product of the two-body S-matrices given by (4.12) [30]. The boundary
conditions then give the momenta in terms of the S-matrix and we have the M Bethe
equations

eipjJ =
M∏

k 6=j

S(pj, pk). (4.14)

Again, these equations simply express that translating one magnon by J units along the
spin chain, gives a phase that is the product of phase factors resulting from scattering
events with the other magnons.

It will be useful to work with the Bethe roots uj, which are related to the momenta by

uj =
1

2
cot

pj

2
. (4.15)

Expressing the Bethe equations (4.14) in terms of these yields

eipjJ =

(
uj + i/2

uj − i/2

)J

=
M∏

k 6=j

uj − uk + i

uj − uk − i
. (4.16)

In this expression and the ones to follow,
∑M

k 6=j simply means that k should be summed over
all integers between 1 and M except j. In general there will be many sets {uj} satisfying
these equations, and the Bethe roots comprising these sets are complex numbers. This
means that there is a whole spectrum of energies corresponding to the M -magnon sector,
depending on the distribution of Bethe roots. We introduce the Bethe states |M,J ; {uj}〉
which satisfy

HSc|M, J ; {uj}〉 = E(M, J ; {uj})|M,J ; {uj}〉, (4.17)

42



and the energy can then be expressed in terms of Bethe roots:

E(M,J ; {uj}) = 4ε0

M∑
j=1

sin2
(pj

2

)
= ε0

M∑
j=1

1

u2
j + 1/4

. (4.18)

Since we are about to identify these spin chains with single-trace operators of N = 4
SYM, we also need to impose cyclicity on the states under consideration. This is distinct
from the periodic boundary conditions that was already used to derive the Bethe equations.
In the one magnon sector for example, the periodic boundary conditions simply meant
that we identified the sites j and j + J , whereas cyclicity would mean that we should
identify the states |j〉 and |j + 1〉. More generally, we identify | ↓ . . .〉 with | . . . ↓〉 and
| ↑ . . .〉 with | . . . ↑〉, where the dots represent a sequence of spins that are the same in
the two corresponding states. The energy of the one magnon state |1, J ; p〉 is now zero
since Pj,j+1|j〉cyclic = |j + 1〉cyclic = |j〉cyclic. The cyclicity puts one more constraint on the
momenta and thus the Bethe roots. Since the Bethe states carry definite momenta, we can
define the translation operator on a M -magnon state as the product of M exponentials
carrying the M momentum operators. Cyclic states are invariant under translation, so
acting with the translation operator gives

T |M,J ; {uj}〉 = e
∑M

j=1 ipj |M, J ; {uj}〉 = |M, J ; {uj}〉 ⇒
M∏

j=1

epj = 1, (4.19)

or in terms of Bethe roots:

M∏
j=1

uj + i/2

uj − i/2
= 1. (4.20)

4.2 SU(2) Spin Chains

We showed in the previous section (3.82) that the planar part of the 1-loop dilatation
operator can be written

DPlanar
1 =

λ

8π2

J∑
i=1

(1− Pi,i+1), (4.21)

acting on the set of states

OJ,M = Tr[XZZZXZZXZZ...], (4.22)

with M factors of X and J −M factors of Z appearing in the trace. The operators (4.21)
and (4.2) are exactly the same if we set ε0 = λ

8π2 . On the other hand, the states (4.22) can
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be mapped to cyclic spin chains by a simple change of notation. This means that we can
associate

DPlanar
1 ↔ HSc with ε0 =

λ

8π2
, (4.23)

Tr[XZZZXZZXZZ...] ↔ | ↑↓↓↓↑↓↓↑↓↓ ...〉cyclic. (4.24)

A Bethe state |M, J ; {uj}〉 will now correspond to a linear combination of operators like
(4.22) with one-loop anomalous dimension given by

∆1(M, J ; {uj}) =
λ

8π2

M∑
j=1

1

u2
j + 1/4

. (4.25)

Solutions of the M nonlinear equations (4.16) that satisfy (4.20) are very hard to find for
general M and J . One has to use numerical methods or consider certain limits in which
the equations simplify.

4.2.1 Thermodynamic Limit

We will now consider the limit of J,M À 1. It is self-consistent to assume that the
momenta scale as 1/J , since it ensures that solutions to (4.16) will not be unstable to
small variations in J . If we then set pj = kj/J , we get from (4.15)

uj =
i

2

(
1 + i

kj

2J
+ 1− i

kj

2J

1 + i
kj

2J
− 1 + i

kj

2J

)
=

J

kj

, (4.26)

and we see that uj scales as J . We can then neglect the 1/4 appearing in the denominator
of (4.25) and write the anomalous dimension

∆1(M,J ; {uj}) =
λ

8π2

M∑
j=1

1

u2
j

. (4.27)

Taking the logarithm of (4.16) and expanding the arguments gives

J

uj

+ 2πnj = 2
M∑

k 6=j

1

uj − uk

, (4.28)

where we used that log 1+x
1−x

≈ 2x for x ¿ 1. The same procedure is applied to the
momentum constraint (4.20) and we get

M∑
j=1

1

uj

= 2πm. (4.29)

44



The integers m and nj appear in the equations, because we are taking the logarithm of
complex numbers.12 The solutions to the Bethe equations are thus characterized by the
M integers nj, and equation (4.29) gives an additional constraint that should be imposed
on these solutions.

4.2.2 Rational Solution

We will now look for solutions with nj = n for all j. Multiplying (4.28) by 1
uj

and summing
over j give

M∑
j=1

J

u2
j

+ 2πn

M∑
j=1

1

uj

= 2
M∑

j=1

1

uj

M∑

k 6=j

1

uj − uk

. (4.30)

The last term can be rewritten

M∑
j=1

1

uj

M∑

k 6=j

1

uj − uk

=
M∑

j=1

M∑

k 6=j

1

uk

( 1

uj − uk

− 1

uj

)

=
M∑

j=1

M∑

k 6=j

1

uk

1

uj − uk

−
M∑

j=1

M∑

k=1

1

ukuj

+
M∑

j=1

1

u2
j

,

which implies

2
M∑

j=1

1

uj

M∑

k 6=j

1

uj − uk

=
M∑

j=1

1

u2
j

−
( M∑

j=1

1

uj

)2

. (4.31)

Summing over j in (4.28) yields

M∑
j=1

1

uj

= −2πn
M

J
, (4.32)

where it was noted that the double sum vanishes due to symmetry in the indices. We note
that the anomalous dimension is proportional to the first term on the left hand side in
(4.30), so when inserting (4.31) and (4.32) we get

∆1(M, J, n) = λn2 M

2J2

(
1− M

J

)
, (4.33)

where we neglected the sum over 1/u2
j in (4.31), since it is already present with a factor

of J in (4.30). We would like to express this result in a way that contains the number of
Z’s and X’s on equal footing. After all, there is nothing special about choosing Z as a

12The complex number w = ez will not change if we let z → z + i2πn and therefore log w is only defined
up to i2πn, where n is any integer.
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background variable and we might as well have used X instead. The R-charges carried
by the operators are J1 = M and J3 = J −M , and we will introduce two corresponding
integers m1 and m3. If we look at (4.29) and (4.32), we see that the momentum constraint
can be written

nM + mJ = (n + m)J1 + mJ3 = 0. (4.34)

To get an expression that is symmetric in the R-charges, we define

m1 ≡ n + m, m3 ≡ m, (4.35)

with which (4.34) can be written

m1J1 + m3J3 = 0. (4.36)

We then use (4.34) to express (4.33) in terms of these new integers

∆1(J1, J3; m1,m3) =
λ

2J2

[
n2M + nmM

]

=
λ

2J2

[
(m2

1 − 2m1m3 + m2
3)J1 + m3(m1 −m3)J1

]

=
λ

2J2

[
(m2

1 −m1m3)J1 + m2
3J3 −m2

3J3

]

=
λ

2J2

[
m2

1J1 + m2
3J3 − (m1J1 + m3J3)m3

]

=
λ

2J2

(
m2

1J1 + m2
3J3

)
, (4.37)

where equation (4.36) was used in the last line. This expression appears to depend on
one more integer than (4.33), but this expression should be supplemented by (4.36), which
could be used to eliminate one of the variables above. However, we prefer to keep the
expression in the symmetric form above with the additional constraint (4.36).

4.3 SU(3) Spin Chains

The Bethe ansatz can be extended to more general cases than the SU(2) spin chain con-
sidered above. These will also be referred to as spin chains although they do not have
a direct analog in magnetism. The case of interest here is the SU(3) cyclic spin chains,
which correspond to the generic operators

OJ1J2J3 = Tr[ZZXZZY ZZXZY Y Z . . .], (4.38)

carrying J1 factors of X, J2 factors of Y , and J3 factors of Z. At tree-level, the operators
all have conformal dimension ∆ = J = J1 + J2 + J3, but as we have seen, they mix at
one-loop, and we will have to diagonalize the dilatation operator in order to obtain the
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anomalous dimension. We can still write the planar part of the dilatation operator to
one-loop

DPlanar
1 =

λ

8π2

J∑
i=1

(1− Pi,i+1), (4.39)

but if we were to write it in terms of matrices, we would have to use the eight Gell-Mann
matrices instead of the three Pauli matrices used in (4.2). Each site in the operators (4.38)
carries the fundamental representation of SU(3).

In the case of SU(2) spin chains, integrability ensured that the solutions could be
written down in terms of the Bethe equations. Thus, the first question we should address
is whether the SU(3) spin chain is integrable. Instead of constructing an R-matrix along the
lines of [29], we will show that an appropriately defined S-matrix satisfies a certain Yang-
Baxter relation. This relation reflects that a multi-particle scattering event factorizes into
a product of two-particle scattering events, which implies that the spin chain is integrable.

4.3.1 The S-matrix

As in the case of SU(2) operators, we consider excitations of the reference vacuum state

|0〉J = Tr[ZJ ], (4.40)

which do not receive radiative corrections and has conformal dimension ∆ = J .
Compared to the SU(2) sector, the situation at hand is complicated by the fact that

there is now a possibility of the two different types of excitations X and Y . Excitations
involving both complex scalars can mix, and the S-matrix is no longer just a function, but
indeed a matrix. For example, the two magnon sector now contains four classes of states:
|XX〉, |XY 〉, |Y X〉, and |Y Y 〉. Each of these can be written as the superposition

|ξη〉 =
∑

0≤x1<x2≤J

ψξη(x1, x2)|ZZ . . . ξx1ZZZ . . . ηx2ZZ . . .〉, (4.41)

where ξ, η can label X or Y . The states |XX〉 and |Y Y 〉 can be analyzed as in the SU(2)
sector using a coordinate Bethe ansatz reflecting the possibility of scattering:

ψXX(x1, x2) = ψY Y (x1, x2) = eip1x1+p2x2 + s(p2, p1)e
ip2x1+p1x2 , (4.42)

with s(p1, p2) = SSU(2)(p1, p2). The states |XY 〉 and |Y X〉 are a bit more tricky because
of mixing. If X and Y are nearest neighbors in such a state, the permutation operator will
return both kinds of states. Again, we associate two momenta with such states and we can
represent them schematically by

|XY ; p1, p2〉 : Ain

(
X −→← Y

)
+ Aout

(
X ←−→ Y

)
, (4.43)

|Y X; p1, p2〉 : Bin

(
Y −→← X

)
+ Bout

(
Y ←−→ X

)
, (4.44)
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where the arrows represent the two momenta. Again, the idea is that the magnons can
scatter which results in exchange of momenta. If the system is integrable, the two momenta
should be separately conserved in the process. The notation implies that we can view the
wavefunction as a superposition of an incoming and an outgoing wave. The choice of in
and out states are rather arbitrary, but it is a useful picture to have in mind when we
consider it as a scattering process.

The coordinate Bethe ansatz for these states is then

ψXY (x1, x2) = Aine
ip1x1+ip2x2 + Aoute

ip2x1+ip1x2 , (4.45)
ψY X(x1, x2) = Bine

ip1x1+ip2x2 + Boute
ip2x1+ip1x2 . (4.46)

It is important that we have two constants in each of these ansatze instead of just one as
we had in the SU(2) sector. The complete wavefunction also includes the part in (4.42)
and we cannot include Ain or Bin in the normalization.

The two states (4.45) and (4.46) mix under scattering. For instance, considering the
in state X −→← Y , Two things can happen: The magnons are reflected resulting in the
second term of |XY 〉 or the magnons pass each other resulting in the second term of |Y X〉.
Conversely, the second term of |Y X〉 can result from either of two events: transmission
of an |XY 〉 state or reflection of a |Y X〉 state. If we let t(p2, p1) denote the amplitude of
transmission and r(p2, p1) denote the amplitude of reflection, this can be summarized in
matrix notation (choosing the transmission diagonal representation)

cout ≡
(

Bout

Aout

)
=

(
t r
r t

)(
Ain

Bin

)
≡

(
t r
r t

)
cin. (4.47)

Thus, the amplitude for a state initially in Ain scattering to Bout is given by t etc. In
general one should allow four distinct entries in the S-matrix, but the symmetry between
X and Y excitations makes it the matrix symmetric. Including the |XX〉 and |Y Y 〉 states
in this notation, we can represent the complete scattering process by the 4× 4 S-matrix

S(p1, p2) =




s 0 0 0
0 t r 0
0 r t 0
0 0 0 s


 , (4.48)

and a scattering event can thus be written Cout = S(p1, p2)Cin, with Cin = (1, Ain, Bin, 1).
We note that the S-matrix has to be unitary due to probability conservation:

|Cin|2 = |Cout|2 = C∗
inS

†SCin ⇒ S†S − 1 = 0, (4.49)

and this implies that

|t|2 + |r|2 = 1, tr∗ + t∗r = 0, (4.50)

since we already saw that |s2| = 1 for real momenta.
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To determine the reflection and transmission coefficients b and c, we focus on the mixed
states which are eigenvalues of the momentum operator. The most general state of this
kind will be given by the superposition

|{XY }, J〉 =
∑

0≤x1<x2≤J

ψXY (x1, x2)|x1, x2〉XY + ψY X(x1, x2)|x1, x2〉Y X . (4.51)

This state is inserted into the eigenvalue equation for the one-loop dilatation operator. We
note that states with x2 > x1 + 1 will not mix and collecting coefficients proportional to
states with a given x1 and x2, we get

∆1ψXY (x1, x2) =2ψXY (x1, x2)− ψXY (x1 − 1, x2)− ψXY (x1 + 1, x2)

+ 2ψXY (x1, x2)− ψXY (x1, x2 − 1)− ψXY (x1, x2 + 1), (4.52)

and

∆1ψY X(x1, x2) =2ψY X(x1, x2)− ψY X(x1 − 1, x2)− ψY X(x1 + 1, x2)

+ 2ψY X(x1, x2)− ψY X(x1, x2 − 1)− ψY X(x1, x2 + 1). (4.53)

Inserting the ansatz (4.45) or (4.46) into either of these equations gives the anomalous
dimension in terms of the momenta. The result is exactly the same as we got in the SU(2)
sector (we neglect the factor in front of the dilatation operator for now):

∆̃1(p1, p2) = 4− eip1 − e−ip1 − eip2 − e−ip2 . (4.54)

The S-matrix is determined from the coefficients of the "contact terms" with x2 = x1 + 1.
Collecting these terms after the generic state above is inserted, gives the coupled equations

∆̃1ψXY (x1, x2) =3ψXY (x1, x2)− ψY X(x1, x2)

− ψXY (x1 − 1, x2)− ψXY (x1, x2 + 1), (4.55)

and

∆̃1ψY X(x1, x2) =3ψY X(x1, x2)− ψXY (x1, x2)

− ψY X(x1 − 1, x2)− ψY X(x1, x2 + 1). (4.56)

The Bethe ansatz (4.45) and (4.46) is now inserted into these equations and we get two
algebraic equations that relate Aout and Bout to Ain and Bin:

0 = (1 + eip1+ip2 − eip2)Ain + (1 + eip1+ip2 − eip1)Aout − eip2Bin − eip1Bout,

0 = (1 + eip1+ip2 − eip2)Bin + (1 + eip1+ip2 − eip1)Bout − eip2Ain − eip1Aout.

t and r can be found from these equations by comparison to the defining equation (4.47).
The elements of the S-matrix are thus

s(p1, p2) = −eip1+ip2 − 2eip1 + 1

eip1+ip2 − 2eip2 + 1
, (4.57)

t(p1, p2) =
eip1 − eip2

1 + eip1+ip2 − 2eip2
, (4.58)

r(p1, p2) =
eip1 + eip2 − eip1+ip2 − 1

1 + eip1+ip2 − 2eip2
, (4.59)
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and one can verify that these satisfy the unitarity condition (4.50).

4.3.2 Integrability and the Yang-Baxter Equation

A necessary condition for integrability is that the S-matrix satisfies the Yang-Baxter equa-
tion, which reads

S1,2(p1, p2)S1,3(p1, p3)S2,3(p1, p2) = S2,3(p2, p3)S1,3(p1, p3)S1,2(p1, p2). (4.60)
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Figure 7: Diagrammatic representation of the Yang-Baxter equation: The
S-matrix of a three-particle scattering event factorizes into three two-particle
scattering events, and the Yang-Baxter equation says that the order of these
can be intertwined as indicated by these diagrams. The three momenta should
be separately conserved in the process.

This relation is depicted in figure 7 and reflects that multi-particle scattering events
factorize into a number of two-particle scattering events. Since three magnons are involved
in this relation, each matrix acts in an eight-dimensional Hilbert space. The matrices act
such that the particle not involved is left invariant by the action and the four-dimensional
subspace spanned by the two participating particles is acted on by the matrix in (4.48).
We define the ordered basis of the eight states {|i〉 ⊗ |j〉 ⊗ |k〉} by

{|XXX〉, |XXY 〉, |XY X〉, |XY Y 〉, |Y XX〉, |Y XY 〉, |Y Y X〉, |Y Y Y 〉}, (4.61)

and the matrices are then given by

S1,2 =




s 0 0 0 0 0 0 0
0 s 0 0 0 0 0 0
0 0 t 0 r 0 0 0
0 0 0 t 0 r 0 0
0 0 r 0 t 0 0 0
0 0 0 r 0 t 0 0
0 0 0 0 0 0 s 0
0 0 0 0 0 0 0 s




, S1,3 =




s′ 0 0 0 0 0 0 0
0 t′ 0 0 r′ 0 0 0
0 0 s′ 0 0 0 0 0
0 0 0 t′ 0 0 r′ 0
0 r′ 0 0 t′ 0 0 0
0 0 0 0 0 s′ 0 0
0 0 0 r′ 0 0 t′ 0
0 0 0 0 0 0 0 s′




,
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S2,3 =




s′′ 0 0 0 0 0 0 0
0 t′′ r′′ 0 0 0 0 0
0 r′′ t′′ 0 0 0 0 0
0 0 0 s′′ 0 0 0 0
0 0 0 0 s′′ 0 0 0
0 0 0 0 0 t′′ r′′ 0
0 0 0 0 0 r′′ t′′ 0
0 0 0 0 0 0 0 s′′




, (4.62)

where s = s(p1, p2), s′ = s(p1, p3), s′′ = s(p2, p3) and so on. Inserting these matrices into
the Yang-baxter equation results in the three equations

sr′s′′ − rs′r′′ − tr′t′′ = 0,

ts′r′′ − st′r′′ + rr′t′′ = 0, (4.63)
rt′s′′ − tr′r′′ − rs′t′′ = 0.

These relations can easily be verified using the expressions (4.57)-(4.59) and we thus con-
clude that scattering factorizes and the system can be assumed to be integrable.13

4.3.3 Nested Bethe Ansatz

Integrability implies factorized and non-diffractive scattering, and the wavefunction of an
M -magnon state should be some superposition of plane waves involving all permutations
of the M momentum variables generalizing (4.42), (4.45), and (4.46). One can then verify
that inserting such an ansatz in the schrödinger equation and considering a generic M -
magnon version of (4.52) will yield the eigenvalues

∆1(M1, M2, J ; {uj}) =
λ

8π2

M1∑
j=1

1

u2
j + 1/4

, (4.64)

as we had in the SU(2) sector. The anomalous dimension is thus determined once we have
a set of SU(3) Bethe roots {uj}.

We will now derive the SU(3) Bethe equations that determine the roots uj. These
should be a generalization of equation (4.16) and they are derived in the same manner,
although the details are a bit more complicated. The technique is called the nested Bethe
ansatz, since one has to "go up a level" and consider new excitations on a spin chain of
excitations.14

Denoting the total number of excitations M1 and the number of X and Y excitations
M1 −M2 and M2 respectively, the R-charges can be written

(J1, J2, J3) = (M1 −M2, M2, J −M1). (4.65)
13The fact that the S-matrix satisfies the Yang-Baxter equation provides strong evidence that the system

is integrable, but it is does not prove it.
14The term "nested Bethe ansatz" stems from the Chinese nest of boxes: A spin chain inside another

spin chain.
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Our starting point is the Bethe equations for the SU(2) sector. These were derived by
translating a magnon once around the spin chain and equating the total phase shift with
the product of all phase factors resulting from scattering with the remaining magnons.
With the present notation such a state corresponds to M2 = 0 and the Bethe equations
read

eipkJ |M1, 0, {pj}〉 = sk,k+1 . . . sk,M1sk,1 . . . sk,k−1|M1, 0, {pj}〉, (4.66)

where si,j = s(pi, pj). In this case, the states on both sides of the equation are clearly
redundant, since the prefactors are just functions, but when we generalize this to M2 6= 0
the expression becomes a matrix equation that we have to diagonalize. It will be convenient
to work with the "short" spin chain |Ψ〉 obtained by omitting all the background Z’s from
a given spin chain. The short spin chain thus has length M1 with M2 Y ’s, which will
be referred to as excitations of the short spin chain. The SU(2) state in (4.66) can be
regarded as the ground state of the short spin chain. With a general short spin chain |Ψ〉,
the matrix Bethe equations become

eipkJ |Ψ〉 = Sk,k+1 . . . Sk,M1Sk,1 . . . Sk,k−1|Ψ〉, (4.67)

where Si,j = Si,j(pi, pj) is the S-matrix given in (4.48) acting on sites i, j in the short spin
chain. Defining the reduced S-matrix

S̃i,j(pi, pj) ≡




1 0 0 0
0 t̃i,j r̃i,j 0
0 r̃i,j t̃i,j 0
0 0 0 1


 , (4.68)

where t̃i,j ≡ ti,j/si,j, r̃i,j ≡ ri,j/si,j, the matrix Bethe equations can be written

λk|Ψ〉 = S̃k,k+1 . . . S̃k,M1S̃k,1 . . . S̃k,k−1|Ψ〉, (4.69)

where we have defined the eigenvalue λk by

λk = eipkJsk+1,k . . . sM1,ks1,k . . . sk−1,k, (4.70)

and used that s−1
i,j = sj,i.

We will now solve the one-magnon problem of the short spin chain. We will again
introduce a coordinate space wavefunction ψ(x) = ψx and write the one-magnon state as

|Ψ〉 =

M1∑
x=1

ψx|x〉, (4.71)

where |x〉 is a state with a Y inserted at position x. This has to be inserted into (4.69) to
obtain expressions for ψx and λk. Note that a simple Fourier transform will not solve the
problem, since the short spin chain is not homogeneous. Instead, we can obtain a recursion
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relation for ψx by acting on |Ψ〉 with the S-matrices appearing in (4.69) one by one and
collecting terms along the way. For example, starting with S̃k,k−1 gives

S̃k,k−1|Ψ〉 =
(
ψk−1t̃k,k−1 + ψkr̃k,k−1

)
|k − 1〉+

(
ψk t̃k,k−1 + ψk−1r̃k,k−1

)
|k〉+

M1∑

x 6={k,k−1}
ψx|x〉.

(4.72)

None of the remaining matrices in (4.69) will change the state |k−1〉 or produce new terms
proportional to it, so at this stage, we can equate the prefactor of this state with λkψk,
which is the associated factor on the left hand side of (4.69). Similarly, acting on the right
hand side of (4.72) with S̃k,k−2 produces states proportional to |k− 2〉 and this is the only
contribution to such states from the whole string of matrices in (4.69). Proceeding like
this, we get expressions relating the wavefunction at different points:

λkψk−1 = r̃k,k−1ψk + t̃k,k−1ψk−1, (4.73)
λkψk−2 = r̃k,k−2

(
t̃k,k−1ψk + r̃k,k−1ψk−1

)
+ t̃k,k−2ψk−2, (4.74)

λkψk−3 = r̃k,k−3

(
t̃k,k−2

[
t̃k,k−1ψk + r̃k,k−1ψk−1

]
+ r̃k,k−2ψk−2

)
+ t̃k,k−3ψk−3, (4.75)

and so on. These equations allow one to derive a general expression for the wavefunction.
We start by relating ψk and ψk−1:

ψk−1

ψk

=
r̃k,k−1

λk − t̃k,k−1

. (4.76)

Using that t̃k,k−1ψk =
t̃k,k−1

r̃k,k−1
ψk−1(λk − t̃k,k−1), we can derive an expression relating ψk−2

and ψk−1 by means of (4.74):

ψk−2

ψk−1

=
r̃2
k,k−1 − t̃2k,k−1 + λk t̃k,k−1

λk − t̃k,k−2

( r̃k,k−2

r̃k,k−1

)
. (4.77)

This expression can now be extended to a general relation between ψk−j−1 and ψk−j as
we will see when going to the next level. The reason is that we need to determine the
expression t̃k,k−2

[
t̃k,k−1ψk + r̃k,k−1ψk−1

]
appearing in (4.75) in terms of ψk−2, but this is

done using (4.74), and the result can be obtained from t̃k,k−1ψk as stated above, by letting
k− 1 → k− 2. We then immediately see that the proportionality factor between ψk−3 and
ψk−2 can be obtained from (4.77) by substituting k− 1 with k− 2 and k− 2 with k− 3 on
the right hand side. In fact, since the equations obtained from |k − j〉 and |k − j − 1〉 are
related in the same manner as (4.74) and (4.75), the argument holds true for any j, and
we thus get the recursion relation

ψk−j−1

ψk−j

=
r̃2
k,k−j − t̃2k,k−j + λk t̃k,k−j

λk − t̃k,k−j−1

( r̃k,k−j−1

r̃k,k−j

)
. (4.78)
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We now reintroduce the Bethe roots uj associated with the momentum variables pj.
They are defined through

eipj =
uj + i/2

uj − i/2
. (4.79)

In terms of these s, t, and r given in (4.57)-(4.59) become

si,j =
ui − uj + i

ui − uj − i
, ti,j =

ui − uj

ui − uj − i
, ri,j =

i

ui − uj − i
(4.80)

t̃i,j =
ui − uj

ui − uj + i
, r̃i,j =

i

ui − uj + i
. (4.81)

Using that r̃2
i,j− t̃2i,j = −ui−uj−i

ui−uj+i
, we can express the recursion relation in terms of the Bethe

roots and get

ψk−j−1

ψk−j

=
uk − i

1−λk
− uk−j

uk − iλk

1−λk
− uk−j−1

=
uk − i

2

(
1+λk

1−λk

)
− i/2− uk−j

uk − i
2

(
1+λk

1−λk

)
+ i/2− uk−j−1

. (4.82)

Now, we observe that the left hand side only depends on k − j. Thus, the right hand side
should remain constant if we change k while keeping k− j fixed. This is only consistent if

q ≡ uk − i

2

(1 + λk

1− λk

)
, (4.83)

is a constant. The recursion relation then becomes a lot simpler and one can easily verify
that

ψx = ψx(q) =
x−1∏
j=1

uj − q − i/2

uj+1 − q + i/2
. (4.84)

solves (4.82). We will also need an expression for λk, which is obtained by inverting (4.83):

λk = λk(q) =
uk − q − i/2

uk − q + i/2
. (4.85)

We have made the dependencies of q explicit in the expression for λk and ψx, since
we may interpret this constant as a Bethe root parameterizing the momentum of the Y
excitation in the short chain. This root does not substitute any of the M1 Bethe roots uj,
since these are still parameterizing the M1 momenta associated with the Y and M1 − 1 X
excitations in the original chain. It is an auxiliary root that should be determined by the
boundary conditions. Imposing periodic boundary conditions on the short chain yields

M1∏

k=1

λk = 1, (4.86)
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which quantizes q. Expressing this equation in terms of Bethe roots and using the definition
of λk (4.70), we get the following M1 + 1 equations for the roots

(
uj + i/2

uj − i/2

)J

=
uj − q − i/2

uj − q + i/2

M1∏

k 6=j

uj − uk + i

uj − uk − i
, (4.87)

1 =

M1∏

k=1

uk − q − i/2

uk − q + i/2
, (4.88)

and this completely solves the one-magnon sector of the short spin chain.
It is useful to pause and compare these findings with the one-magnon results for the

original "long" spin chain. The boundary conditions there gave us the simple quantization
condition on the momentum: eipJ = 1. To see the correspondence with the short spin
chain we define the shifted Bethe roots q̃k ≡ q−uk. We can then write λk = eip̃k , where p̃k

is the momentum associated with the shifted root ũk. Quantizing the momentum variable
then looks similar in the two cases:

Long spin chain:
J∏

k=1

eip = 1, (4.89)

Short spin chain:
M1∏

k=1

eip̃k = 1. (4.90)

The first relation is just a restatement of the fact that translating one magnon through
the complete spin chain should yield the identity, since the background is the translation
invariant vacuum (string of Z’s). We would like to use the same picture on the short
spin chain, but we should be careful in which sense we regard the background of X’s as
a vacuum. Of course, the short chain is just a useful construction and the Y excitation
scatters just as much on every X as it would on other Y excitations. The momentum
corresponding to q parameterizes the Y excitation on the short chain, but as the short
chain is not translation invariant, translating the magnon one time through the short spin
chain does not yield the identity. Thus, we cannot write a simple quantization condition
like eip′M1 = 1, where p′ is the momentum associated with q. Nevertheless, we can think
of all scattering with the X’s as being encoded in the shifted momenta p̃k: Translating the
Y magnon through the short spin chain results in the identity if we use the M1 shifted
momenta p̃k instead of just p′. This is the content of equation (4.90), which we interpret
as the imposition of periodic boundary conditions on an inhomogeneous spin chain.

With the above considerations in mind, we move on to the two-magnon state of the short
spin chain. We now expect the appearance of two auxiliary roots q1 and q2 parameterizing
the two magnons. The state is described by a two-particle wavefunction ψx1,x2(q1, q2), and
we can write a general two-magnon state as the superposition

|Ψ〉 =
∑

x1≤x2≤M1

ψx1,x2(q1, q2)|x1x2〉, (4.91)
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where x1 and x2 denote the position of the Y ’s. Since we have just argued that a magnon
on the short spin chain in a certain sense propagates as if it was free, we will let us inspire
by the two-magnon wavefunction ansatz used in the SU(2) sector and make the following
(secondary) Bethe ansatz:

ψx1,x2(q1, q2) = ψx1(q1)ψx2(q2) + S ′ψx1(q2)ψx2(q1). (4.92)

Once again, the idea is that the Y magnons should either propagate freely or exchange
momenta with an amplitude S ′, but the situation is much more complicated than the true
two-magnon sector of the SU(2) spin chain, since the wavefunction depends on the M1

Bethe roots uk in addition to the two new auxiliary roots. We make the following ansatz
for the two-magnon eigenvalue: λ

(2)
k (q1, q2) = λk(q1)λk(q2) and insert this and (4.91) into

the eigenvalue equation (4.69). One can then match terms on both side of the equation to
get an expression for S ′ [31]:

S ′ =
λk(q2)ψk(q2)ψk−j(q1)λk−1(q1) . . . λk−j(q1) + ψk(q1)ψk−j(q2)λk(q2) . . . λk−j(q2)

λk(q1)ψk(q1)ψk−j(q2)λk−1(q2) . . . λk−j(q2) + ψk(q2)ψk−j(q1)λk(q1) . . . λk−j(q1)
. (4.93)

Using (4.85) and (4.84) we get the amazingly simple result

S ′ = S ′(q1, q2) =
q1 − q2 + i

q1 − q2 − i
, (4.94)

which is just the SU(2) S-matrix with the auxiliary momenta as arguments. A priori,
there was no guarantee that S ′ would only depend on the two auxiliary roots, but indeed it
does. In fact, we get the exact same result as if we had considered two excitations on a true
vacuum state, indicating that we can take the above picture of free short chain magnons
very literally. The boundary conditions on the wavefunction result in Bethe equations
that determine the auxiliary roots, and these are now trivial generalizations of the SU(2)
conditions. The identity on the right hand side of (4.90) is simply replaced by S ′ giving

M1∏

k=1

eip̃
(1)
k = S ′(q1, q2),

M1∏

k=1

eip̃
(2)
k = S ′(q2, q1), (4.95)

where p̃
(1)
k are the shifted roots corresponding to q1 and p̃

(2)
k are the shifted roots cor-

responding to q2. These equations say that shifting one magnon once around the chain
produces a phase factor that is the result of scattering with the other magnon. Since the
short spin chain inherits factorized scattering from the long spin chain, the results are now
readily generalized to the M2-magnon sector of the short spin chain and therefore the gen-
eral M1-magnon problem of the SU(3) spin chain. Translating a magnon once around the
short chain produces a phase factor that is a product of M2 − 1 scattering events. Hence,
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we get the complete set of Bethe equations
M2∏

k=1

λj(qk) = eipjJsj+1,j . . . sM1,js1,j . . . sj−1,j, (4.96)

M1∏

k=1

eip̃
(j)
k =

M2∏

k 6=j

S ′(qj, qk), (4.97)

or expressed in terms of the roots
(

uj + i/2

uj − i/2

)J

=

M1∏

k 6=j

uj − uk + i

uj − uk − i

M2∏

k=1

uj − qk − i/2

uj − qk + i/2
, (4.98)

1 =

M2∏

k 6=j

qj − qk + i

qj − qk − i

M1∏

k=1

qj − uk − i/2

qj − uk + i/2
. (4.99)

These M1 + M2 equations determine the M1 Bethe roots uj and the M2 auxiliary roots
qj and thus completely solve the general M1 magnon sector of the SU(3) spin chain. In
addition, we should also impose the cyclicity constraint which is derived as in the SU(2)
sector giving:

1 =

M1∏

k=1

uk + i/2

uk − i/2
. (4.100)

4.3.4 Rational Solution

We will now follow [32] and show that a certain set of rational solutions can be obtained
in the thermodynamic limit much the same way as we did with SU(2) operators. We start
by taking the logarithm of (4.98) and (4.99). This introduces M1 + M2 integers in the
equations, one for each root just as in (4.28). To find a rational solution, we choose the M1

integers associated with the uj’s to be equal nuj
= n and the M2 integers associated with

the qj’s to be equal nqj
= m. We then consider the limit J À 1 and expand the arguments

of the logarithms. The Bethe equations then become

J

uj

+ 2πn =2

M1∑

k 6=j

1

uj − uk

−
M2∑

k=1

1

uj − qk

, (4.101)

2πm =2

M2∑

k 6=j

1

qj − qk

−
M1∑

k=1

1

qj − uk

. (4.102)

Taking the logarithm of both sides of the constraint (4.100) and expanding gives

2πp +

M1∑
j=1

1

uj

= 0, (4.103)
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and the anomalous dimension becomes

∆1(M1,M2, J ; n,m) =
λ

8π2

M1∑
j=1

1

u2
j

. (4.104)

We now solve the Bethe equations for
∑

j 1/u2
j . The principle is the same as in the

SU(2) sector, but a few more steps are needed so we give the derivations in detail. In
the following, we will suppress the limits on summations, since they are implicit in the
variables to be summed. The sum runs from 1 to M1 if the subscript is on a u and from
1 to M2 if the subscript is on a q. We start by summing over j in (4.101) and (4.102).
Combining the two gives

∑

j,k

1

uj − qk

= 2πmM2, J
∑

j

1

uj

= −2π(nM1 + mM2). (4.105)

We then multiply equation (4.101) by 1
uj

and sum over j. Using (4.31) and neglecting the
1/u2

j sum that does not carry a factor of J , gives

J
∑

j

1

u2
j

+ 2πn
∑

j

1

uj

= −
( ∑

j

1

uj

)2

−
∑

j,k

1

uj(uj − qk)
. (4.106)

We see that
∑

j 1/u2
j and therefore the anomalous dimension can be determined from

(4.105) and (4.106) if we can calculate
∑

j,k
1

uj(uj−qk)
. To do, this we start by noting the

relations

2
∑

l,j,k 6=j

1

(uj − uk)(ql − uj)
=

∑

l,j,k

1

(ql − uk)(ql − uj)
−

∑

l,k

( 1

ql − uk

)2

, (4.107)

2
∑

l,j,k 6=j

1

(qj − qk)(ul − qj)
=

∑

l,j,k

1

(ul − qk)(ul − qj)
−

∑

l,k

( 1

ql − uk

)2

. (4.108)

We then multiply (4.101) by
∑

l
1

ql−uj
, multiply (4.102) by

∑
l

1
ul−qj

, sum over j in both
equations, and finally subtract the two resulting equations. Using (4.107) and (4.108), we
get

J
∑

j,k

1

uj(qk − uj)
+ 2π(n + m)

∑

j,k

1

qk − uj

= 0, (4.109)

or using (4.105)

J
∑

j,k

1

uj(qk − uj)
= 4π2M2(mn + m2). (4.110)
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Combining (4.104), (4.105), (4.106) and (4.110) then yields

∆1(M1,M2, J ; n,m) =
λ

2J2

[
n2M1

(
1− M1

J

)
+ 2mnM2

(
1− M1

J

)
+ m2M2

(
1− M2

J

)]
.

(4.111)

If we compare (4.103) and (4.105), we get the constraint pJ = nM1 +mM2. Recalling that
M2 = J2 and M1 = J1 + J2 then gives

p(J1 + J2 + J3)− n(J1 + J2)−mJ2 = 0, (4.112)

and this expression guides us to define new integers

m1 ≡ p− n, m2 ≡ p− n−m, m3 ≡ p, (4.113)

such that (4.112) becomes

m1J1 + m2J2 + m3J3 = 0. (4.114)

The expression in (4.111) can be rewritten in the same manner it was done in (4.37).
Substituting n, m, M1, and M2 with the Ji’s and mi’s defined in (4.113) and using (4.114),
the anomalous dimension takes the form

∆1(J1, J2, J3; m1,m2,m3) =
λ

2J

3∑
i=1

m2
i

Ji

J
. (4.115)

4.4 β-Deformed Spin Chains

We now turn to the β-deformed theory with the one-loop planar dilatation operator given
by (3.91). Before we try to construct the Bethe equations for this operator, a relevant
question is whether integrability is preserved in the deformed theory. To summarize, the
hamiltonian of the β-deformed spin chain (with β = β∗ ≡ γ) is given by

DPlanar
γ =

λ

8π2

J∑
i=1

Hi, (4.116)

Hi = Ei
22E

i+1
33 + Ei

33E
i+1
22 − e2πiγEi

23E
i+1
32 − e−2πiγEi

32E
i+1
23

+Ei
33E

i+1
11 + Ei

11E
i+1
33 − e2πiγEi

31E
i+1
13 − e−2πiγEi

13E
i+1
31

+Ei
11E

i+1
22 + Ei

22E
i+1
11 − e2πiγEi

12E
i+1
21 − e−2πiγEi

21E
i+1
12 .

We note that the deformed hamiltonian (4.116) can be obtained from the undeformed by
making the substitution EijEkl → eiπ(εij−εkl)γEijEkl with ε antisymmetric and ε12 = ε23 =
ε31 = 1. This was exploited in [33], where it was shown that an R-matrix of the deformed
spin chain can be constructed directly from the R-matrix of the undeformed spin chain
using the simple relationship with the hamiltonian (4.3). Thus, if the undeformed spin
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chain admits the construction of an R-matrix satisfying the Yang-Baxter equation, so does
the deformed spin chain, and integrability is preserved. Alternatively, one can make a
position dependent change of base, which explicitly maps the deformed spin chain to an
undeformed spin chain with twisted boundary conditions [34].

We will now derive the Bethe equations in the deformed subsector where only two
complex fields are involved. We take the contributing fields to be X and Z and the
dilatation operator (4.116) can then be written

DPlanar
γ =

λ

8π2

J∑
i=1

Ei
XXEi+1

ZZ + Ei
ZZEi+1

XX − ei2πγEi
ZXEi+1

XZ − e−i2πγEi
XZEi+1

ZX . (4.117)

If we can get rid of the phase factors in front of the last two terms, it is exactly the
hamiltonian (4.2), and the results obtained above can be carried over. This is achieved
through a position dependent change of basis. We denote the field at site k by |〉k and
define the new states

|X̃〉k ≡ ei2πkγ|X〉k, |Z̃〉k ≡ |Z〉k. (4.118)

The action of EXX and EZZ on these new states is as on the old states, but the action
EXZ and EZX now gives rise to a phase:

Ek
ZX |X̃〉k = ei2πkγEk

ZX |X〉k = ei2πkγ|Z〉k = ei2πkγ|Z̃〉k, (4.119)

Ek
XZ |Z̃〉k = Ek

XZ |Z〉k = |X〉k = e−i2πkγ|X̃〉k. (4.120)

This leads us to define the new operators

Ẽk
XX = Ek

XX , Ẽk
ZZ = Ek

ZZ , Ẽk
XZ = ei2πkγEk

XZ , Ẽk
ZX = e−i2πkγEk

ZX , (4.121)

with which the dilatation operator takes the form

DPlanar
γ =

λ

8π2

J∑
i=1

Ẽi
XXẼi+1

ZZ + Ẽi
ZZẼi+1

XX − Ẽi
ZXẼi+1

XZ − Ẽi
XZẼi+1

ZX

=
λ

8π2

J∑
i=1

(1− Pi,i+1). (4.122)

This is exactly the ordinary spin chain hamiltonian (4.2) and it looks like we regained
the SU(2) symmetry that was originally broken in the super potential. This is only true
locally on the spin chain, though. The boundary conditions get modified by the deformation
and do not respect the SU(2) symmetry, but this does not affect the integrability of the
hamiltonian, so the spin chain remains integrable with the Bethe ansatz, S-matrix, and
energy given by the same expressions as in the undeformed case.

Since we have identified |X〉k with |X〉J+k in the old basis, we have to make the iden-
tification

|X̃〉k = e−i2πγJ |X̃〉J+k, (4.123)
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in the new basis. This implies that we should impose the boundary conditions

ψp1...p2(x1, . . . , xM) = ei2πJγψp1...p2(x2, . . . , xM , x1 + J), (4.124)

and the deformation thus introduces a phase factor in the Bethe equations

e−i2πγJ

(
uj + i/2

uj − i/2

)J

=
M∏

k 6=j

uj − uk + i

uj − uk − i
. (4.125)

We also need to see how the cyclicity constraint changes with these twisted boundary
conditions. The action of the translation operator is (in the new basis)

T |x1, . . . , xM〉 = |x1 + 1, . . . , xM + 1〉e−i2πγM , (4.126)

and we get the constraint

−2πγM +
M∑
i=1

pi = 0, (4.127)

or if we exponentiate and express it in terms of Bethe roots

M∏

k=1

uk + i/2

uk − i/2
= ei2πγM . (4.128)

When taking the thermodynamic limit (J → ∞), we have to assume that pJ ∼ 1 so the
Bethe equations are not unstable to small variations in J . By the same argument, we will
assume that γJ ∼ 1.

Now, we proceed to find the rational solutions for the anomalous dimension of operators
in the deformed gauge theory. Compared with the undeformed theory, the only difference
is the phase factor appearing in (4.125) and (4.128). Taking the logarithm of these two
equations and comparing with (4.28) and (4.29), we note that the resulting equations can
be obtained from the corresponding undeformed equations by letting n → n − γJ and
m → m+γM . Introducing the new integers m1 and m3 we see from equation (4.34)-(4.36)
that this corresponds to the substitutions: m1 → m1−γJ3 and m3 → m3 +γJ1 in the final
expression (4.37), and the anomalous dimension in the deformed rational SU(2) sector is
thus

∆1(J1, J3; m1,m3) =
λ

2J2

(
(m1 − γJ3)

2J1 + (m3 + γJ1)
2J3

)
. (4.129)

We can apply the same procedure to the deformed SU(3) spin chain, but the change
of basis one has to make is a bit more involved [34]. Instead of going through these
derivations, we will simply try to argue what the result for the anomalous dimension should
be, using that the expression should reduce to (4.129) when J2 = 0 and to (4.115) when
γ = 0. Furthermore, the SU(3) anomalous dimension should be invariant under cyclic
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permutation of the three indices and non-cyclic permutations accompanied by γ → −γ as
can be seen by inspection of (3.90). The result should thus include the limits:

∆1 =
λ

2J2

(
(m1 − γJ3)

2J1 + (m3 + γJ1)
2J3

)
, J2 = 0, (4.130)

∆1 =
λ

2J2

(
(m2 − γJ1)

2J2 + (m1 + γJ2)
2J1

)
, J3 = 0, (4.131)

∆1 =
λ

2J2

(
(m3 − γJ2)

2J3 + (m2 + γJ3)
2J2

)
, J1 = 0. (4.132)

Again, γ should enter as a phase in the Bethe equations, and the solution becomes linear
in γ due to the logarithm. We thus expect that the anomalous dimension involves three
terms of the form (mi + γfi(J1, J2, J3))

2Ji. By the above symmetries, the functions fi

should fulfill

f1(J1, J2, J3) = f2(J2, J3, J1), (4.133)
f1(J1, J2, J3) = −f1(J1, J3, J2), (4.134)

so it will be enough to determine f1. Clearly, the linear part of f1 is J2 − J3 and the
only quadratic term in accord with the above limits is J2J3. However, such a term does
not satisfy f1(J1, J2, J3) = −f1(J1, J3, J2) and is thus excluded. We cannot exclude the
presence of higher order terms though. For example, it would be consistent with the above
constraints to include a term proportional to J2

3J2 − J3J
2
2 , but if we assume that f1 does

not contain cubic or higher order terms, we get the result

∆γ(J1, J2, J3; m1,m2,m3) =
λ

2J

3∑
i=1

m̃2
i

Ji

J
, (4.135)

where

m̃1 = m1 + γ(J2 − J3), m̃2 = m2 + γ(J3 − J1), m̃3 = m3 + γ(J1 − J2). (4.136)

In fact, this result is the correct generalization of (4.129) as was shown in [33]. The
anomalous dimension was derived under the assumption of γJ ∼ 1 and this ensures that
(4.135) does not blow up in the thermodynamic limit. We will return to this at the end of
section 5.4, where the result is reproduced from classical string theory.

5 String Theory
One of the main difficulties in testing the AdS/CFT correspondence is that it is still
unknown how to quantize string theory on AdS5×S5. One can find classical solutions and
calculate quantum corrections, but in general, these are only small in the limit where the
’t Hooft coupling λ is large. To compare with the gauge theory results, it is desirable to
find a sector where the classical results are valid even when λ is small.
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Such solutions were found and analyzed by Frolov and Tseytlin in a sequence of papers
[12, 13, 14]. They considered rigid circular strings spinning in AdS5× S5 and showed that
quantum corrections to the classical energy are suppressed in the limit of large angular
momenta. These solutions are exactly those that match the rational SU(3) solutions from
the last section and provide a nice one-loop verification of the AdS/CFT correspondence.

In this section we start by reviewing the basics of classical bosonic string theory. The
equations of motion and certain constraints are derived from the Polyakov action and we
introduce the notation used in the rest of this section. We then calculate the classical
energy of Frolov-Tseytlin strings as a perturbation expansion in λ/J2. The one-loop result
exactly matches the anomalous dimension found in the gauge theory. We then follow the
semiclassical quantization scheme of Frolov and Tseytlin and show that quantum correc-
tions are suppressed in the limit of large angular momenta. Finally, we will sketch the
arguments that let Lunin and Maldacena [15] to the gravity dual of β-deformed N = 4
SYM and calculate the classical energy of strings in this deformed background. Again, the
result of the previous section is reproduced.

5.1 Basics of Bosonic String Theory

The fundamental objects in string theory are one-dimensional strings and as such, the
theory is very different from theories where zero-dimensional particles play the role as
fundamental objects. Nevertheless, many of the well known concepts from particle physics
can be a guideline to set up the theory of strings. One should distinguish theories of closed
strings and open strings and in the following, we will only consider closed strings. More
precisely, the theory that is conjectured to be dual to N = 4 SYM is type IIB string theory,
which is one of five distinct ten-dimensional superstring theories.

The action of a free relativistic particle can be taken as the proper time along the path
traced out by the particle times a constant. The path of the particle is called a world-line
and the proper time elapsed on the worldline multiplied by c, is the Lorentz invariant
proper length of the world-line.

Since strings are one-dimensional objects, we expect them to trace out a two-dimensional
world-sheet instead of a one-dimensional world-line, and a natural guess for the action of a
free propagating string is just the area of this world-sheet times some constant. Whereas
a world-line can be parameterized by a single parameter, we need two different parameters
to parameterize a world-sheet and it is often convenient to choose a time-like parameter
and a space-like parameter labeled by τ and σ, respectively. In d spacetime dimensions,
the world-sheet can then be described by the d string coordinates Xµ(τ, σ). This is the
Nambu-Goto action and can be written [20]

SNG = − 1

2πα′

∫
dτdσ

√
(Ẋ ·X ′)2 − (Ẋ)2(X ′)2, (5.1)

where α′ is the string length squared, and we have used the standard notation

Ẋµ =
∂Xµ

∂τ
, X ′µ =

∂Xµ

∂σ
. (5.2)
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In addition to the obvious Lorentz invariance, the Nambu-Goto action is also independent
of how we parameterize the string coordinates and we say it is reparameterization invariant.

The action can be simplified if one introduces a two-dimensional world-sheet metric
hαβ. With this metric, we can write a seemingly very different action. This is the Polyakov
action:

SP = − 1

4πα′

∫
dτdσ

√
−hhαβ∂αXµ∂βXνηµν , (5.3)

where h = det(hαβ) and the indices α and β run over τ and σ. We will take the world-sheet
metric to have lorentzian signature (−, +). If one derives the classical equations of motion
for hαβ and inserts the result in the Polyakov action, we get the Nambu-Goto action back,
and the actions are thus classically equivalent.

The Polyakov action is easier to work with than the Nambu-Goto action, since it has a
simple quadratic dependence on the derivatives. The price to pay is of course the introduc-
tion of the new field hαβ. In addition to the poincaré invariance and reparameterization
invariance, the Polyakov action is also invariant under a two-dimensional Weyl transfor-
mation that acts on the variables as

X ′µ(τ, σ) = Xµ(τ, σ), (5.4)

h′αβ(τ, σ) = e2ω(τ,σ)hαβ(τ, σ), (5.5)

for arbitrary ω(τ, σ). The reparameterization invariance can be used to locally set the
off diagonal elements of the world-sheet metric to zero and the diagonal elements equal
to each other. The metric then has the form hαβ(τ, σ) = f 2(τ, σ)ηαβ and is said to be
conformally flat. The positive factor f 2(τ, σ) can be eliminated by a Weyl transformation.
In the following, we will restrict ourselves to the class of parameterizations that result in
a conformally flat world-sheet metric and we will use

√−hhαβ = ηαβ. This is called the
conformal gauge.

If we use the conformal gauge and perform a variation of the Polyakov action with
respect to the string coordinates, we get the wave equations

ηαβ∂α∂βXµ = 0. (5.6)

The variation with respect to the world-sheet metric gives

∂αX · ∂βX − 1

2
ηαβ(−Ẋ2 + X ′2) = 0. (5.7)

This is really three equations, but only two are independent:

Ẋ ·X ′ = 0, (5.8)

Ẋ2 + X ′2 = 0, (5.9)

and these are called the conformal gauge constraints. These constraints should always be
imposed on solutions to the wave equations above and reflect the restriction to conformally
flat world-sheet metrics.
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It will be useful to think of the variables Xµ(τ, σ) as independent fields instead of
string coordinates parameterized by τ and σ. The Polyakov action then describes a two-
dimensional field theory with d massless scalar fields Xµ. In this picture, the Poincaré
invariance is an internal symmetry of the fields and the reparameterization invariance
corresponds to general coordinate invariance. We should remember, though, that it is not
a generalization of the usual field theories involving particles. The quantization of the
Polyakov action corresponds to the ordinary quantum mechanics or a first quantization in
the language of field theory.

To each of the symmetries in the action there is an associated conserved charge.
The conserved charge associated with the general coordinate invariance is the energy-
momentum tensor, and the conserved charges associated with Poincaré invariance are the
momenta and Lorentz charges.

When the theory is quantized, a consistent theory requires a 26-dimensional spacetime
for bosonic strings and ten-dimensional spacetime for superstrings. Although we only
consider bosonic strings in the following, we will still think of them as being in a bosonic
subsector of the full superstring theory and we thus only consider strings in ten dimensions.

The massless spectrum of closed bosonic strings can be divided in three parts corre-
sponding to a symmetric Lorentz tensor Gµν , an antisymmetric Lorentz tensor Bµν , and a
scalar field Φ. The states associated with Gµν can be identified with gravitons, and string
theory thus naturally contains gravity. Bµν is called the Kalb-Ramond15 field and is a
natural generalization of the Maxwell potential Aµ when the "charged" objects carry to
Lorentz indices. Φ is called the dilaton and is related to the string coupling gs, but since
we only consider non-interacting strings we will not discuss the dilaton further.

Since string theory gives rise to these fields, it is natural to consider strings moving in
a gravity background (e.i. curved spacetime) and coupled to a background of the Kalb-
Ramond field Bµν . The generalization of the Polyakov action when these backgrounds are
included is [35]

S = − 1

4πα′

∫
dτdσ

√
−h

[
hαβ∂αXµ∂βXνGµν(X

i)− εαβ∂αXµ∂βXνBµν(X
i)
]
, (5.10)

where εαβ is antisymmetric with ετσ = 1. Since the conformal gauge constraints were
derived from the equations of motion for hαβ, the Kalb-Ramond field will not affect these
constraints, and the generalization of (5.8) and (5.9) in curved space is obtained by re-
placing the flat metric implicit in the scalar product in these expressions with Gµν . The
equations of motion become more complicated, and the simple wave equation above is only
true in flat space with cartesian coordinates.

15The term "Kalb-Ramond field" originates from pure bosonic string theory [20]. In superstring theory,
the massless bosons are divided in two sectors: The Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector and the
Ramond-Ramond (R-R) sector. In type IIB string theory, both sectors give rise to a two-form potential,
but the field we have in mind, when referring to Bµν , is the NS-NS field.
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5.2 Strings in AdS5 × S5

We will consider strings in AdS5×S5 with common radius of curvature R. Both AdS5 and
S5 are maximally symmetric spaces and thus have 15 isometries each corresponding to the
generators of the isometry group SO(2, 4) × SO(6). We can embed the five-dimensional
anti-de Sitter space in a six-dimensional pseudo-euclidian space with coordinates YM , M ∈
{0, 1, 2, 3, 4, 5} and the five-sphere in six-dimensional euclidian space with coordinates XA,
A ∈ {1, 2, 3, 4, 5, 6}. These coordinates should be of order R, but it will be more practical
to work with normalized string coordinates instead, where a factor of R has been extracted.
The string coordinates are then subject to the (normalized) constraints

YMYM ≡ Y 2
0 − Y 2

1 − Y2 − Y3 − Y4 + Y 2
5 = 1, (5.11)

XAXA ≡ X2
1 + X2

2 + X2
3 + X2

4 + X2
5 + X2

6 = 1. (5.12)

There is a standard parameterization of AdS5 and S5 that solves these constraints:

Y0 = cosh ρ cos t, X1 = sin α cos θ cos φ1, (5.13)
Y1 = sinh ρ cos ψ sin ϑ1, X2 = sin α cos θ sin φ1, (5.14)
Y2 = sinh ρ cos ψ cos ϑ1, X3 = sin α sin θ cos φ2, (5.15)
Y3 = sinh ρ sin ψ sin ϑ2, X4 = sin α sin θ sin φ2, (5.16)
Y4 = sinh ρ sin ψ cos ϑ2, X5 = cos α cos φ3, (5.17)
Y5 = cosh ρ sin t, X6 = cos α sin φ3. (5.18)

The ten angles (including the dimensionless time) appearing here are functions of τ and
σ and can be taken as the fundamental fields characterizing the string propagating on
AdS5 × S5. One could now go on and calculate the metric of AdS5 × S5 from these
equations and then write the Polyakov action in terms of the angular string coordinates.
However, we prefer to work with the embedding fields a bit longer, since it will make the
connection to the conserved charges of N = 4 SYM more clear.

5.2.1 Embedding Coordinates

We will label the conserved charges of AdS5 by SMN , M,N ∈ {0, 1, 2, 3, 4, 5} and the
conserved charges of S5 by JAB, A,B ∈ {1, 2, 3, 4, 5, 6}. These are then given by [20]

SMN =
√

λSMN =

√
λ

2π

∫ 2π

0

(YM ẎN − YN ẎM)dσ, (5.19)

JAB =
√

λJAB =

√
λ

2π

∫ 2π

0

(XAẊB −XBẊA)dσ, (5.20)

where
√

λ = R2/α′.
We will now look at rigid strings located at the center of AdS5 and rotating in S5 with

three different angular momenta. We make the following ansatz for the target space fields:

t = κτ, ρ = 0, ψ = ϑ1 = ϑ2 = 0, α = α0, θ = θ0, (5.21)
φ1 = ω1τ + m1σ, φ2 = ω2τ + m2σ, φ3 = ω3τ + m3σ, (5.22)

66



where α0 and θ0 are independent of τ and σ. Since we are dealing with closed strings
we should require periodic boundary conditions on the world-sheet. This means that
XA(τ, σ) = XA(τ, σ + 2π), and we thus require the mi’s to be integers. The mi’s counts
the number of times the string is wound around S5 in the angular direction of φi and are
called winding numbers. If all the mi’s are zero, the string will be point-like. The ωi’s are
the frequencies of the spinning string and are proportional to the angular momenta of the
string.

The non-vanishing conserved charges are then

E = S05 = κ, (5.23)
J1 = J12 = sin2 α0 cos2 θ0ω1, (5.24)
J2 = J34 = sin2 α0 sin2 θ0ω2, (5.25)
J3 = J56 = cos2 α0ω3. (5.26)

The energy has been identified with S05, since it turns out to be the generator of time
translations when one writes the the AdS part of the action in global coordinates. Our
task is now to express the energy in terms of the three angular momenta.

Before we go on, we note that if we define the three complex target space fields

X ≡ X1 + iX2 = sin α cos θeiφ1 , (5.27)
Y ≡ X3 + iX4 = sin α sin θeiφ2 , (5.28)
Z ≡ X5 + iX6 = cos αeiφ3 , (5.29)

the string charges J1 , J2, and J3 are precisely those that correspond to the generators of
translations in the phases of X, Y , and Z, respectively. These generators span the Car-
tan subalgebra of SO(6) and a quantized string can be labeled by the quantum numbers
associated with these generators as well as the energy of the string. Of course, it is not a
coincident we have chosen the letters X, Y , and Z just as we did with the complex scalar
fields in N = 4 SYM. Strings of the type (5.21)-(5.22) are exactly expected to correspond
to operators consisting of complex scalar fields in the gauge theory.

To proceed, we need the equations of motion for the string and conformal gauge con-
straints. The S5 constraint (5.12) can be included in the Polyakov action by use of a
Lagrange multiplier field Λ. Using the conformal gauge, we get

SS5 = −
√

λ

4π

∫
dτdσ

[
∂aXA∂aXA + Λ(X2 − 1)

]
,

√
λ =

R2

α′
. (5.30)

The equation of motion for Λ will then give back the constraint (5.12), and the equations
of motion for the string coordinates are

−∂α∂αXA + ΛXA = 0. (5.31)

These equations are satisfied if we take

Λ = ω2
1 −m2

1 = ω2
2 −m2

2 = ω2
3 −m2

3. (5.32)
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We see that with this kind of ansatz, all the mi and ωi need to be independent if we want a
solution with three independent angular momenta. We could easily have picked a simpler
ansatz than the one applied above. One could for example take two of the winding numbers
to be equal, but then the associated frequencies would also have to be (numerically) equal
and the associated angular momenta would be proportional.

When imposing the conformal gauge constraints (5.8) and (5.9), we should include Y0

and Y5 as well as all the S5 embedding string coordinates and remember that Y0 comes
with a minus due to the Lorentz signature of Minkowski space. Inserting our ansatz, gives
the equation

E2 = κ2 = (ω2
1 + m2

1) sin2 α0 cos2 θ0 + (ω2
2 + m2

2) sin2 α0 sin2 θ0 + (ω2
3 + m2

3) cos2 α0, (5.33)

where we used (5.23) in the first equality. The second conformal gauge constraint (5.5)
gives

ω1m1 sin2 α0 cos2 θ0 + ω2m2 sin2 α0 sin2 θ0 + ω3m3 cos2 α0 = 0. (5.34)

This equation can be combined with (5.24)-(5.26) to give the constraint

m1J1 + m2J2 + m3J3 = 0, (5.35)

which is equivalent to (5.34). The energy is now a function of (ω1, ω2, ω3,m1,m2,m3, α0, θ0),
and we would like to express it in terms of angular momenta and winding numbers: E =
E(J1,J2,J3; m1,m2,m3). The equations (5.32) can be regarded as 2 constraints relating
Ji, mi, sin2 α0 and sin2 θ0, and these can be used to eliminate sin2 α0 and sin2 θ0 from the
energy once the ωi’s are expressed in terms of Ji, α0, and θ0 and inserted in (5.33).

It is not possible to obtain a closed expression for the energy, but if we define J ≡
J1 + J2 + J3. it can be written as a perturbation series in J −2. We shall assume that all
ωi and thus all Ji are non-negative16 and that ω2

i > m2
i . We then define ν2 ≡ ω2

i −m2
i and

the energy can be written

E2 = 2ω2
1 sin2 α0 cos2 θ0 + 2ω2

2 sin2 α0 sin2 θ0 + 2ω2
3 cos2 α0 − ν2

= 2
3∑

i=1

ωiJi − ν2 = 2
3∑

i=1

√
m2

i + ν2Ji − ν2. (5.36)

Equations (5.24)-(5.26) and (5.32) can then be combined to yield

3∑
i=1

Ji

ωi

=
3∑

i=1

Ji√
m2

i + ν2
= 1. (5.37)

The strategy is now to solve this equation, giving ν as a function of mi and Ji, and then
insert this into (5.36), which should then be supplemented by the constraint (5.35).

16This is a very natural assumption for comparison with the gauge theory, since there, the R-charges
simply count the number of complex scalars in the operators.
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If ν2 > m2
i , equation (5.37) can be written as a Taylor series in the quantity m2

i /ν
2

|ν| =
3∑

i=1

Ji√
1 +

m2
i

ν2

=
3∑

i=1

Ji

(
1− m2

i

2ν2
+

3m4
i

8ν4
− . . .

)

= J
(
1− 1

2ν2

3∑
i=1

m2
i

Ji

J +
3

8ν4

3∑
i=1

m4
i

Ji

J − . . .
)
. (5.38)

We can then derive the following expressions

ν2 = J 2
[
1− 1

ν2

3∑
i=1

m2
i

Ji

J +
3

4ν4

3∑
i=1

m4
i

Ji

J +
1

4ν4

( 3∑
i=1

m2
i

Ji

J
)2

+ . . .
]
, (5.39)

1

|ν| =
1

J
[
1 +

1

2ν2

3∑
i=1

m2
i

Ji

J − 3

8ν4

3∑
i=1

m4
i

Ji

J +
1

4ν4

( 3∑
i=1

m2
i

Ji

J
)2

+ . . .
]
, (5.40)

1

ν2
=

1

J 2

[
1 +

1

ν2

3∑
i=1

m2
i

Ji

J − 3

4ν4

3∑
i=1

m4
i

Ji

J +
3

4ν4

( 3∑
i=1

m2
i

Ji

J
)2

+ . . .
]
. (5.41)

The last expression makes it clear that (5.38), (5.39) and (5.40) become power series in
J −2. We will now write these expressions in terms of J , explicitly including terms up to
second order in J −2:

|ν| = J
[
1− 1

2J 2

3∑
i=1

m2
i

Ji

J − 1

2J 4

( 3∑
i=1

m2
i

Ji

J
)2

+
3

8J 4

3∑
i=1

m4
i

Ji

J + . . .
]
, (5.42)

ν2 = J 2
[
1− 1

J 2

3∑
i=1

m2
i

Ji

J − 3

4J 4

( 3∑
i=1

m2
i

Ji

J
)2

+
3

4J 4

3∑
i=1

m4
i

Ji

J + . . .
]
, (5.43)

1

|ν| =
1

J
[
1 +

1

2J 2

3∑
i=1

m2
i

Ji

J +
3

4J 4

( 3∑
i=1

m2
i

Ji

J
)2

+
3

8J 4

3∑
i=1

m4
i

Ji

J + . . .
]
. (5.44)

The energy can also be written as an expansion in ν−2

E2 = 2
3∑

i=1

√
m2

i + ν2Ji − ν2 = 2|ν|
3∑

i=1

Ji

(
1 +

m2
i

2ν2
− m4

i

8ν4
+ . . .

)
− ν2,

and using (5.42), (5.43) and (5.44), we get

E2 = J 2

(
1 +

1

J 2

3∑
i=1

m2
i

Ji

J +
1

4J 4

[( 3∑
i=1

m2
i

Ji

J
)2

−
3∑

i=1

m4
i

Ji

J
]

+ . . .

)
, (5.45)

and thus

E ≡ λE = J

(
1 +

λ

2J2

3∑
i=1

m2
i

Ji

J
− λ2

8J4

3∑
i=1

m4
i

Ji

J
+ . . .

)
,

3∑
i=1

miJi = 0, (5.46)
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where we have expanded the square root and reintroduced Ji =
√

λJi. The energy takes
the form of a perturbation expansion in an effective coupling constant λ/J2 and the second
term is exactly what was found for the anomalous dimension in the gauge theory (4.115).
The chiral primary operator Tr[ZJ ] corresponds to a point-like string with energy E = J
which propagates on the equator parameterized by φ3.

We should pause to consider the range of validity of this result. A priori, one might
expect to match the classical results and quantum corrections loop by loop on both sides of
the AdS/CFT correspondence. But equation (5.46) is a purely classical result, and the one-
loop quantum correction to the conformal dimension in the gauge theory is thus contained
in the classical energy of spinning strings. On the other hand, we cannot really expect
to match the classical energy of spinning strings with perturbative results from the gauge
theory, since it is the full quantized string theory that is conjectured to be dual to N = 4
SYM. Quantum corrections to the string energy are only assumed to be small in the limit
where λ À 1 as we will show in the next subsection. However, the gauge theory results
were derived in the perturbative regime where we assumed that λ ¿ 1, so how come the
results match after all? The reason is that for this particular kind of solutions, quantum
corrections are suppressed in the limit of J À 1 [12, 13, 14]. This will be discussed in
section 5.3.

Another point is that strictly speaking, the R-charges only take integer values in the
spin chain result (4.115), whereas the angular momenta in (5.46) can take any positive
values. In the quantized string theory, the Ji’s are quantized, but in the large J semi-
classical limit where we are comparing calculations, the integer nature of the Ji’s is not
important.

5.2.2 The Metric of AdS5 × S5

In the next section, we will consider a deformed gravity background and we cannot use the
simple embedding coordinates used above. Therefore, we will briefly show how the above
results can be obtained using the metric of AdS5×S5 and the ten angular fields appearing
in (5.13)-(5.18).

The metric of AdS5 × S5 can be induced from the parametrization (5.13)-(5.18) and is
given by

ds2 = R2
(
ds2

AdS5
+ ds2

S5

)
= R2

(
GAdS5

mn dymdyn + GS5

ab dxadxb
)
, (5.47)

ds2
AdS5

= − cosh2 ρdt2 + dρ2 + sinh2 ρ(dψ2 + cos2 ψdϑ2
1 + sin2 ψdϑ2

2), (5.48)
ds2

S5 = dα2 + cos2 αdφ2
3 + sin2 α(dθ2 + cos2 θdφ2

1 + sin2 θdφ2
2), (5.49)

where we have denoted the five AdS5 angles by yn and the five S5 angles by xa. The
Polyakov action becomes

S = −
√

λ

4π

∫
dτdσL,

√
λ =

R2

α′
(5.50)

L =
√
−hhαβ

(
GAdS5

mn ∂αym∂βyn + GS5

ab ∂αya∂βyb
)
. (5.51)
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In the following, we will again use the conformal gauge where
√−hhαβ = diag(−1, 1). We

start by noting that the AdS5 part is invariant to translations in ϑ1, ϑ2, and t, and the S5

part is invariant to translations in the three fields φ1, φ2, and φ3. These isometries have
associated conserved charges, which are those that correspond to the Cartan generators of
SO(2, 4)× SO(6). In general, if the translation ϕi → ϕi + ε is a symmetry of the action,
there is a conserved charge given by

Qi = −
√

λ

4π

∫ 2π

0

dσ
∂L

∂ϕ̇i

, (5.52)

where ϕi labels any of the fields appearing in the action. In the present case, we get six
conserved charges (E, S1, S2, J1, J2, J3), which are given by

E =

√
λ

2π

∫ 2π

0

dσ cosh2 ρṫ ≡
√

λE , (5.53)

S1 =

√
λ

2π

∫ 2π

0

dσ sinh2 ρ sin2 ψϑ̇1 ≡
√

λS1, (5.54)

S2 =

√
λ

2π

∫ 2π

0

dσ sinh2 ρ cos2 ψϑ̇2 ≡
√

λS2, (5.55)

J1 =

√
λ

2π

∫ 2π

0

dσ sin2 α cos2 θφ̇1 ≡
√

λJ1, (5.56)

J2 =

√
λ

2π

∫ 2π

0

dσ sin2 α sin2 θφ̇2 ≡
√

λJ2, (5.57)

J3 =

√
λ

2π

∫ 2π

0

dσ cos2 αφ̇3 ≡
√

λJ3. (5.58)

The AdS5 charges S1 and S2 were defined as S12 and S34 in embedding coordinates.
We will again consider strings located at the center of AdS5 moving in S5 and use the

ansatz (5.21)-(5.22). The non-vanishing conserved charges are given by (5.23)-(5.26), and
the only non-trivial equations of motion are those of α and θ:

α : ω2
3 −m2

3 + cos2 θ0(−ω2
1 + m2

1) + sin2 θ0(−ω2
2 + m2

2) = 0, (5.59)
θ : ω2

1 −m2
1 − ω2

2 + m2
2 = 0, (5.60)

which are seen to be satisfied if we take

ω2
1 −m2

1 = ω2
2 −m2

2 = ω2
3 −m2

3. (5.61)

The conformal gauge constraints now read

GAdS5
mn ẏmy′n + GS5

ab ẋax′b = 0, (5.62)

GAdS5
mn (ẏmẏn + y′my′n) + GS5

ab (ẋaẋb + x′ax′b) = 0, (5.63)
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and yields the two equations

sin2 α0 cos2 θ0ω1m1 + sin2 α0 sin2 θ0ω2m2 + cos2 α0ω3m3 = 0, (5.64)
sin2 α0 cos2 θ0(ω

2
1 + m2

1) + sin2 α0 sin2 θ0(ω
2
2 + m2

2) + cos2 α0(ω
2
3 + m2

3) = κ2. (5.65)

The equations (5.61), (5.64), and (5.65) are precisely those obtained with embedding co-
ordinates (5.32), (5.34), and (5.33) and the expression for the energy can now be derived
as in (5.36)-(5.46).

5.3 Quantum Corrections

As mentioned above, we can only trust the classical calculations in string theory when
λ À 1. This is well-known from quantum field theory where the partition function is
proportional to exp( i

~S) and the classical limit is obtained by taking the limit ~ → 0.
When S À ~, the partition function will fluctuate violently and the only contributing field
configurations are those which give rise to a stationary value of the action: the classical
field configurations.

In terms of Feynman diagrams, the classical approximation is an expansion in tree
diagrams. The loop diagrams become quantum corrections and are proportional to ~n,
where n counts the number of loops. When considering the string action, the situation
is similar, but the loop counting parameter is now 1/

√
λ, and one should thus be able to

write quantum corrections to the energy as a power expansion in 1/
√

λ. We already saw
that the classical expression for the energy could be written E =

√
λE0, where E0 only

depended on the "couplingless" charges J1, J2, and J3 in addition to the three winding
numbers. To recapitulate, we had that

E0 = J (
1 +

a
(0)
1

J 2
+

a
(0)
2

J 4
+ . . .

)
, (5.66)

where a
(0)
1 and a

(0)
2 were given in (5.46). Since

√
λ only appears as a factor in front of

the action it could have been anticipated from the start that the classical expression for E
cannot involve λ. The same is expected to be true for the quantum corrections, and the
energy should thus take the form

Etot =
√

λE0 + E1 +
1√
λ
E2 +

1

λ
E3 + . . . =

∞∑
n=0

En, (5.67)

where En is independent of λ. Superficially, this seems devastating for a comparison with
perturbative results in the gauge theory. The anomalous dimensions in the last section
were calculated under the assumption that λ ¿ 1, but string quantum corrections seem to
blow up in this limit.

There is, however, one more limit that needs to be taken into account. We were only
able to solve the Bethe equations when we took the thermodynamic limit of long spin
chains. In string theory, this translates into fast spinning strings with J À 1 and such
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strings are expected to behave semiclassically. The hope is now that somehow the classical
behavior due to large angular momentum will dominate the quantum behavior due to small
λ.

This is exactly what happens if we assume that En takes the form [36]

En =
a

(n)
1

J n+1
+

a
(n)
2

J n+3
+

a
(n)
3

J n+5
. . . , (5.68)

which is inspired by the classical piece E0 (neglecting the leading J ). The n-loop piece of
(5.67) will then be given by

En =
1

(
√

λ)n−1
En =

a
(n)
1 λ

Jn+1
+

a
(n)
2 λ2

Jn+3
+

a
(n)
3 λ3

Jn+5
. . . , (5.69)

where J =
√

λJ has been reintroduced. The full expression (5.67) can now be reorganized
into the double expansion

Etot = J
[
1 +

∞∑

k=1

( λ

J2

)k
∞∑

n=0

a
(n)
k

Jn

]
. (5.70)

If we take the limit of J À 1 with λ/J2 fixed, we see that quantum corrections are
suppressed and the energy becomes a perturbation expansion in λ/J2. One may then
conjecture that the result can be interpolated to weak coupling allowing a direct comparison
with perturbative gauge theory results [14].

The general circumstances under which (5.68) is true remain to be clarified, but below
we will sketch how to obtain the one-loop correction to the classical energy for our particular
solution and show that it is indeed suppressed by J−1 compared to the classical energy.
We follow the procedure of [12, 13, 14] and consider a small perturbation of the rational
classical solution found above. The zero point energy of this perturbation are then the first
order quantum correction to the energy and can be found by summing all characteristic
frequencies of the fluctuation fields. However, first we need to analyze the stability of the
classical solution under perturbations.

5.3.1 Stability

It is important that the classical solution is stable under small perturbations, since other-
wise, quantum fluctuations could result in a transition to a different state and the classical
result would not be reliable. The lagrangian for a string spinning on S5 is given by

L = ∂aXA∂aXA + Λ(XAXA − 1), (5.71)

and we will now consider small fluctuations X̃A near the classical solution

X = X1 + iX2 = sin α0 cos θ0e
i(ω1τ+m1σ), (5.72)

Y = X3 + iX4 = sin α0 sin θ0e
i(ω2τ+m2σ), (5.73)

Z = X5 + iX6 = cos α0e
i(ω3τ+m3σ), (5.74)

Λ = ν2 = ω2
i −m2

i . (5.75)
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We replace the fields in L by XA → XA + X̃A and Λ → Λ + Λ̃ and insert the solutions for
XA and Λ above. We then obtain the "constrained" lagrangian

L̃con = ∂aXA∂aXA + ∂aX̃A∂aX̃A + 2Λ̃XAX̃A + ΛX̃AX̃A + Λ̃AX̃AX̃A, (5.76)

where we used partial integration to eliminate a mixed derivative term. The first term
is just a constant and is ignored in the following. We will also disregard the third order
term, since this just gives rise to small corrections to the free spectrum of the fluctuation
fields17. The equation of motion for Λ̃ is XAX̃A = 0, and it will be easiest to first solve
this constraint and then substitute into the "unconstrained" quadratic lagrangian

L̃ = ∂aX̃A∂aX̃A + ΛX̃AX̃A. (5.77)

The fields X̃A are seen to be massive with mass
√

ω2
i −m2

i . To simplify the constraint, we
write the perturbation fields as

X̃ = X̃1 + iX̃2 = ei(ω1τ+m1σ)(g1 + if1), (5.78)

Ỹ = X̃3 + iX̃4 = ei(ω2τ+m2σ)(g2 + if2), (5.79)

Z̃ = X̃5 + iX̃6 = ei(ω3τ+m3σ)(g3 + if3), (5.80)

and the constraint XAX̃A = 0 reduces to

3∑
i=1

aigi = 0,
3∑

i=1

ai = 1, (5.81)

where we have defined

a1 ≡ sin α0 cos θ0, a2 ≡ sin α0 sin θ0, a3 ≡ cos α0. (5.82)

The unconstrained lagrangian can now be expressed in terms of the real fields fi and gi

giving

L =
3∑

i=1

[
− ḟ 2

i − ġ2
i + f ′2i + g′2i + 2ωifiġi − 2ωigiḟi − 2mifig

′
i + 2migif

′
i

]
, (5.83)

which is to be supplemented with the constraint (5.81). We proceed by isolating g3 from
(5.81) and inserting it into the lagrangian, which then depends on five independent fields.

As a side remark, we note that the resulting lagrangian represents a two-dimensional
massive scalar field theory coupled to a two-dimensional non-abelian gauge field. To see

17The fluctuation fields are small by assumption, and we could have introduced a small bookkeeping
parameter to make this explicit. Corrections from the third order term would then become a perturbation
expansion in this parameter.
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this, it is convenient to define the five-dimensional vector zp = (f1, f2, f3, g1, g2), with which
the lagrangian takes the form

L = −Mpqżpżq + Mpqz
′
pz
′
q − 2Fpqzpżq + 2Gpqzpz

′
q, (5.84)

where Fpq and Gpq are antisymmetric matrices and Mpq is symmetric. We lost the diagonal
structure in the kinetic terms because we eliminated g3 from the lagrangian, but since
Mpq is symmetric, it can be diagonalized by an orthogonal transformation, which does not
change the antisymmetry of Fpq and Gpq. Performing the diagonalization and rescaling the
fields so that M becomes the identity, the lagrangian can be written (keeping the same
notation for transformed fields and matrices)

L = −(żp − Fpqzq)
2 + (z′p −Gpqzq)

2 − (FpqFqk −GpqGqk)zpzk. (5.85)

The two components of the gauge field are thus (A0, A1) = (Fpq, Gpq) and are functions of
(ai, mi, ωi), but independent of τ and σ. The mass matrix FpqFqk −GpqGqk is symmetric.
There is no fields strength term so we could regard Fpq and Gpq as external fields supplying
a mass for the scalar fields.

To analyze the stability of the fluctuations, we first derive the equations of motion for
the five scalar fields (using (5.83)):

− f̈1 + f ′′1 = 2ω1ġ1 − 2m1g
′
1,

− f̈2 + f ′′2 = 2ω2ġ2 − 2m2g
′
2,

− f̈3 + f ′′3 = −2ω3(a1ġ1 + a2ġ2) + 2m3(a1g
′
1 + a2g

′
2), (5.86)

− (1 + a2
1)g̈1 − a1a2g̈2 + 2ω1ḟ1 − 2ω3a1ḟ3 + (1 + a2

1)g
′′
1 + a1a2g

′′
2 − 2m1f

′
1 + 2m3a1f

′
3 = 0,

− (1 + a2
2)g̈2 − a1a2g̈1 + 2ω2ḟ2 − 2ω3a2ḟ3 + (1 + a2

2)g
′′
2 + a1a2g

′′
1 − 2m2f

′
2 + 2m3a2f

′
3 = 0,

where we have set a3 = 1 for the moment (it can always be reintroduced by the substitutions
a1 → a1/a3, a2 → a2/a3). To solve these equations, we note that the solution should be
periodic in σ, and the σ dependence is extracted as a standard Fourier decomposition. We
then collect the five scalar fields as the vector z (defined above) and make the following
ansatz for the solution:

z(τ, σ) =
∞∑

n=−∞
Ane

i(Ωnτ+nσ). (5.87)

Such a solution usually works when one is dealing with coupled linear differential equa-
tions. The derivatives just bring down factors of Ωn and n and the result is five algebraic
equations that determine the vector An for a given n. These equations can be written as
the matrix equation MpqAq = 0, where Mpq = Mpq(mi, ωi, ai, n, Ωn). We are interested in
the nontrivial solutions where An 6= 0, which is equivalent to requiring detM = 0. This
condition will be used to determine the characteristic frequencies Ωn. Unstable solutions
are characterized by Ωn having an imaginary part, so we will require that all Ωn are real for
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a solution to be stable. The determinant of the matrix M will be some polynomial in Ωn

and we therefore get different sets of solutions {Ω(k)
n }. When dealing with linear differential

equations, a sum of particular solutions will always be a solution and the general solution
for z should thus be a superposition of the particular solutions (5.87), each being charac-
terized by a set of characteristic frequencies {Ω(k)

n }. In the following, we will suppress the
indices on Ω. Inserting (5.87) into the equations of motion, results in the matrix:

M =




(Ω2 − n2) 0 0 −iΩ̃1 0

0 (Ω2 − n2) 0 0 −iΩ̃2

0 0 (Ω2 − n2) ia1Ω̃3 ia2Ω̃3

iΩ̃1 0 −ia1Ω̃3 (1 + a2
1)(Ω

2 − n2) a1a2(Ω
2 − n2)

0 iΩ̃2 −ia2Ω̃3 a1a2(Ω
2 − n2) (1 + a2

2)(Ω
2 − n2)




,

where Ω̃i = 2(ωiΩ−min). Reintroducing the a3 dependence, the equation det(M) = 0 can
now be written

(Ω2 − n2)
[
(Ω2 − n2)4 − (Ω2 − n2)2[(a2

2 + a3
3)Ω̃

2
1 + (a2

1 + a3
3)Ω̃

2
2 + (a2

1 + a3
2)Ω̃

2
3]

+ a2
1Ω̃

2
2Ω̃

2
3 + a2

2Ω̃
2
3Ω̃

2
1 + a2

3Ω̃
2
1Ω̃

2
2

]
= 0. (5.88)

We are not interested in actually finding the solutions for An corresponding to a certain
Ω, but we would like to determine the range of parameters for which Ωn is real implying
a stable solution. In addition to the solution with Ω2 = n2, there is eight solutions for Ω.
It is not possible to give the general range of parameters for which all these roots are real,
but we can consider certain limits to see how it works. For example, the solution with two
equal non-vanishing spins J1 = J3, J2 = 0, which is the result of choosing a2

1 = a2
3 = 1

2
,

m1 = −m3 = m, ω1 = ω3 = ω, m2 = ω2 = a2 = 0, gives rise to the equation

(Ω2 − n2)2 − 4(ω2Ω2 + n2m2) = 0, (5.89)

and we are led to the stability condition that n2 < 4m2. Thus, since we are summing over
all n, the general solution corresponding to this choice of parameters is unstable.

However, it is possible to analyze the stability for more general values of the parameters
in the large J limit and one can find a range of parameters for which the solutions are
stable. This was done in [14] for a certain three spin solution with J1 = J2.

5.3.2 One-loop Correction

The hamiltonian of a quadratic potential is that of a harmonic oscillator. From ordinary
quantum mechanics, we know that the bosonic harmonic oscillator hamiltonian is given by

Ĥ = ω(N̂ +
1

2
), (5.90)

where N̂ gives the excitation number of a state. If we are dealing with fermions, the plus
should be replaced by a minus. The ground state energy is obtained by setting ˆN = 0. In
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quantum field theory there is an oscillator for each mode of the fields and the hamiltonian
is thus a sum over terms like (5.90).

The fluctuations around the classical string solution can be regarded as such harmonic
oscillators and the ground state energy is the first order quantum correction to the classical
solution. We can find this correction by summing over all characteristic frequencies of the
fluctuations, which can be found in by a procedure similar to the way we found the Ωn’s
above. However, not all of the frequencies will contribute and one has to carefully analyze
the lagrangian of the fluctuation fields including contributions from AdS5. Such an analysis
was carried out in [38], where it was shown how to obtain the characteristic frequencies
in a family of field theories including (5.85). In d spacetime dimensions, there is d − 2
independent sets of characteristic frequencies. In ten-dimensional string theory, there is
thus eight sets of characteristic frequencies which contribute to the energy. Classically, we
are allowed to consider only bosonic strings, but when considering quantum fluctuations,
we should allow for fermionic fluctuations as well, since we know that this is really a
subsector of a supersymmetric theory. We should thus include both fermionic and bosonic
characteristic frequencies in the calculation, and the groundstate of the world-sheet energy
of the fluctuation fields can be found by the following expression [14]

E
(0)
2d =

1

2

( ∑

n∈Z
ωB

n −
∑

r∈Z+ 1
2

ωF
r

)
, (5.91)

where ωB
n =

∑8
k=1 ΩB

n,k and ωF
r =

∑8
k=1 ΩF

r,k. The world-sheet energy is the generator of
translations in the world-sheet time τ , whereas the spacetime energy is the generator of
translations in Minkowski time t. Due to our parametrization t = κt, there is a simple
relationship between these, and the first correction to the spacetime energy is

E1 = E
(0)
2d =

1

2κ

( ∑

n∈Z
ωB

n −
∑

r∈Z+ 1
2

ωF
r

)
. (5.92)

The calculation can be performed in certain limits but is quite involved, so we simply state
the leading term found in [14] for a three-spin solution with J1 = J2:

E1 =
e1

κ2
, (5.93)

where e1 is of order 1. Expanding this in the limit of large J with κ given by (5.45), gives
the result

E1 = a1
1

J 2
+ a2

1

J 4
+ . . . = a1

λ

J2
+ a2

λ2

J4
+ . . . . (5.94)

This result is exactly the assumption we needed for the one-loop quantum correction to be
suppressed in the large J limit (5.68).

As we have just argued that, quantum corrections are suppressed in the limit of large
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J . On the other hand, much could be learned if we could figure out how to match these
corrections with results from the gauge theory. Clearly, the large J semiclassical limit of
string theory should correspond to the long spin chain limit of the gauge theory and the
string quantum corrections become finite size corrections in spin chain calculations.

We can obtain a concrete expression for a contribution to the first order correction in
string theory by considering the particularly simple state in the SU(2) sector (J2 = 0) with
J1 = J3 [37]. In that case, the bosonic characteristic frequencies is given by (5.89) and we
get

Ω2
± = n2 + 2ν2 + 2m2 ± 2

√
(ν2 + m2)2 + n2(ν2 + 2m2), (5.95)

where we used that ω2 = ν2 + m2. We then expand Ω− in large ν and obtain

Ω
(±)
− = ± n

2ν

√
n2 − 4m2 +O(

1

ν3
). (5.96)

For this configuration, we have κ2 = ν2 +2m2, and the contribution from these oscillations
to the one loop energy correction is then

En =
1

κ
|Ω−| = n

2ν2

√
n2 − 4m2 +O(

1

ν4
) =

λ

2J2
n
√

n2 − 4m2 +O(
λ2

J4
), (5.97)

with J = J1 + J2 = 2J1. We note again that the expression fulfils the scaling property
(5.68) that allows us to discard the contribution in the limit of large J .

This result with m = 1 was reproduced from the gauge theory in [39]. The authors
considered a state with an equal number of X’s and Z’s such that J1 = J2 = J/2. We recall
that there is a number of possible solutions for the anomalous dimension for such a state,
corresponding to different distributions of the Bethe roots in the complex plane. One of
these distributions gives rise to the rational expression for the anomalous dimension found
in the previous section, and this particular distribution should in some sense be dual to the
string ansatz (5.21)-(5.22). The authors then calculated the change in anomalous dimension
corresponding to a small change in the particular root distribution, and the result exactly
matches the quantum correction (5.97). Therefore, it seems that the Bethe roots and thus
the magnons associated with spin chains play a fundamental role in the matching of string
states with gauge theory operators. The Bethe roots condense on "stringy" curves in the
complex plane and the fluctuations of these curves correspond to quantum fluctuations of
actual strings in AdS5 × S5.

5.4 Lunin-Maldacena Background

Since it has been conjectured that the gravity dual of N = 4 SYM is exactly AdS5×S5, it
is natural to ask whether one can find the gravity dual of the β-deformed theory (3.87). To
summarize, the original theory had an SU(4) R-symmetry that was broken in the deformed
theory. The deformed theory is still conformal invariant and it is therefore expected that
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the gravity dual of the deformation should only affect the S5 part of the metric. The
deformed theory had the superpotential

Wγ = Tr[eiπγΦ1Φ2Φ3 − e−iπγΦ1Φ3Φ2], (5.98)

with a U(1)× U(1) non-R-symmetry that acts by

1 : (Φ1, Φ2, Φ3) → (Φ1, e
iα1Φ2, e

−iα1Φ3), (5.99)
2 : (Φ1, Φ2, Φ3) → (e−iα2Φ1, e

iα2Φ2, Φ3). (5.100)

The gravity dual of this theory was given in a paper by Lunin and Maldacena [15]. The
two U(1) symmetries play a prominent role and in fact, their arguments hold true for any
field theory with a U(1)×U(1) global symmetry. Obviously, the undeformed theory, which
is obtained by setting γ = 0, also has the same U(1)×U(1) symmetry, and the symmetry
thus survives the deformation.

The prescription of Lunin and Maldacena is to identify the two-torus of the undeformed
metric that corresponds to the U(1)×U(1) symmetry in the field theory and then perform
a certain SL(2, R) transformation on that two-torus. The transformation is

τ ≡ B12 + i
√

g → τγ =
τ

1 + γτ
, (5.101)

where B12 is the Kalb-Ramond field along the directions of the two U(1) symmetries and√
g is the volume of the two-torus.18
We will now briefly review their arguments, although a proper treatment requires an

understanding of the relationship between string theory and noncommutative geometry in
field theories. In fact, their main argument is largely based on a paper by Seiberg and
Witten [40] and goes as follows. Consider an open string theory with some two-torus in
the metric and a D-brane sitting at a point where the two-torus shrinks to zero size. In
the low energy limit, there will be a gauge theory living on the brane and the two U(1)
symmetries will act as a global symmetry in this theory. According to [40], the effect of the
transformation (5.101) will be a change of the product between fields living on the brane:

ΦiΦj → eiπγ(Q1
i Q2

j−Q2
i Q1

j )ΦiΦj. (5.102)

Here Q1
i and Q2

i are the charges of the field Φi under the two U(1) symmetries mentioned
above. In the superpotential (5.98), each term contains three fields and the trace implies
that there is a cyclic multiplication between them. This means that in both terms, all
three fields are multiplying each other, but in opposite order. The deformed superpotential
should thus be obtained from the undeformed superpotential by

TrΦ1Φ2Φ3 → eiπγ(Q1
1Q2

2−Q2
1Q1

2+Q1
2Q2

3−Q2
2Q1

3+Q1
3Q2

1−Q2
3Q1

1)TrΦ1Φ2Φ3, (5.103)

TrΦ1Φ3Φ2 → eiπγ(Q1
1Q2

3−Q2
1Q1

3+Q1
3Q2

2−Q2
3Q1

2+Q1
2Q2

1−Q2
2Q1

1)TrΦ1Φ2Φ3. (5.104)

18One should use a dimensionless volume in this formula. In our case, we use the effective dimensionless
radius of curvature as the factor in front of the metric e.i. R2 → R2/α′ =

√
λ.
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We now observe that if we denote the charge of the superfield Φi by Q̄ = (Q1, Q2)i and
assign the charges (0,−1/3)1, (1/3, 1/3)2, and (−1/3, 0)3 to the superfields in accordance
with (5.99) and (5.100), we exactly obtain (5.98) from the transformation rules (5.103) and
(5.104).

The three superfields each have an associated complex scalar field and there is three
U(1) transformations of these fields that correspond to isometries of the three angular fields
φi in the metric of S5 (5.49). However, the two-torus we are looking for should correspond
to the two U(1) symmetries above, which apparently do not generate simple translations
in any of the φi’s. For example, the first U(1) translates φ2 and φ3 by the same amount,
but in opposite directions. If we instead define the fields ϕi by

φ1 = ϕ3 − ϕ2, φ2 = ϕ1 + ϕ2 + ϕ3, φ3 = ϕ3 − ϕ1, (5.105)

ϕ1 =
1

3
(φ1 + φ2 − 2φ3), ϕ2 =

1

3
(φ2 + φ3 − 2φ1), ϕ3 =

1

3
(φ1 + φ2 + φ3), (5.106)

then U(1)1 generates translations in ϕ1, U(1)2 generates translations in ϕ2, and ϕ3 is left
invariant by both transformations. If we were to define three complex fields Wi with phases
corresponding to the fields ϕi, we would assign to them the U(1)×U(1) charges (1/3, 0)1,
(0, 1/3)2, and (0, 0)3.

The metric (5.49) can be expressed in terms of the ϕi’s, and the volume of the two-torus
parameterized by ϕ1 and ϕ2 can then be found [15]:

√
g =

√
λ sin2 α(cos2 α + sin2 α sin2 θ cos2 θ). (5.107)

Since we have previously considered an AdS5×S5 background with no Kalb-Ramond field,
the transformation (5.101) simplifies a bit:

τ = i
√

g → τγ =
i
√

g

1 + iγ
√

g
= (B12)γ + i

√
gγ, (5.108)

(B12)γ =
γg

1 + γ2g
,

√
gγ =

√
g

1 + γ2g
. (5.109)

One can now find the metric of the transformed two-torus and express the result in terms
of the old angular fields φ1, φ2, and φ3. The result is [15]

ds2
S5

γ
= dα2 + sin2 αdθ2 + G

[
cos2 αdφ2

3 + sin2 α cos2 θdφ2
1 + sin2 α sin2 θdφ2

2

]

+ γ̃2G sin4 α cos2 α sin2 θ cos2 θ
(
dφ1 + dφ2 + dφ3

)2
, (5.110)

where γ̃ =
√

λγ and

G =
1

1 + γ̃2 sin2 α
[
cos2 α + sin2 α sin2 θ cos2 θ

] . (5.111)
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In terms of the old angular fields, the Kalb-Ramond field no longer has just one component.
It is most easily expressed as the differential form

B =
√

λγ̃G sin2 α
(

sin2 α sin2 θ cos2 θdφ1dφ2 + cos2 α sin2 θdφ2dφ3 + cos2 α cos2 θdφ3dφ1

)
,

and using (5.10), we get the S5 part of the action for the gravity dual of β-deformed N = 4:

Sγ = −
√

λ

4π

∫
dτdσ

{√
−hhαβ

[
− ∂αt∂βt + ∂αα∂βα + sin2 α∂αθ∂βθ

+ G cos2 α∂αφ3∂βφ3 + G sin2 α cos2 θ∂αφ1∂βφ1 + G sin2 α sin2 θ∂αφ2∂βφ2

+ γ̃2G sin4 α cos2 α sin2 θ cos2 θ
(
∂αφ1 + ∂αφ2 + ∂αφ3

)(
∂βφ1 + ∂βφ2 + ∂βφ3

)]

− 2γ̃Gεαβ sin2 α
(

sin2 α sin2 θ cos2 θ∂αφ1∂βφ2 + cos2 α sin2 θ∂αφ2∂βφ3

+ cos2 α cos2 θ∂αφ3∂βφ1

)}
. (5.112)

As mentioned earlier, the AdS5-part of the action does not change under the deforma-
tion and is still given by (5.48). Translations in φ1, φ2, and φ3 are still isometries of the
metric, and using (5.52), we can calculate the conserved charges associated with these:

J1 =

√
λ

2π

∫ 2π

0

dσG
[
sin2 α cos2 θφ̇1 + γ̃2 sin4 α cos2 α sin2 θ cos2 θ

(
φ̇1 + φ̇2 + φ̇3

)

+ γ
(
sin4 α sin2 θ cos2 θφ′2 − sin2 α cos2 α cos2 θφ′3

)]
, (5.113)

J2 =

√
λ

2π

∫ 2π

0

dσG
[
sin2 α sin2 θφ̇2 + γ̃2 sin4 α cos2 α sin2 θ cos2 θ

(
φ̇1 + φ̇2 + φ̇3

)

+ γ
(− sin4 α sin2 θ cos2 θφ′1 + sin2 α cos2 α sin2 θφ′3

)]
, (5.114)

J3 =

√
λ

2π

∫ 2π

0

dσG
[
cos2 αφ̇3 + γ̃2 sin4 α cos2 α sin2 θ cos2 θ

(
φ̇1 + φ̇2 + φ̇3

)

+ γ
(− sin2 α cos2 α sin2 θφ′2 + sin2 α cos2 α cos2 θφ′1

)]
. (5.115)

If we once again restrict ourselves to strings located at the center of AdS5, the conformal
gauge constraints become

− ṫt′ + α̇α′ + sin2 αθ̇θ′ + G
[
sin2 α cos2 θφ̇1φ

′
1 + sin2 α sin2 θφ̇2φ

′
2 + cos2 αφ̇3φ

′
3

]

+ γ̃2G sin4 α cos2 α sin2 θ cos2 θ
(
φ̇1 + φ̇2 + φ̇3

)(
φ′1 + φ′2 + φ′3

)
= 0, (5.116)

and

− ṫ2 − t′2 + α̇2 + α′2 + sin2 α(θ̇2 + θ′2)

+ G
[
sin2 α cos2 θ(φ̇2

1 + φ′21 ) + sin2 α sin2 θ(φ̇2
2 + φ′22 ) + cos2 α(φ̇2

3 + φ′23 )
]

+ γ̃2G sin4 α cos2 α sin2 θ cos2 θ
[(

φ̇1 + φ̇2 + φ̇3

)2
+

(
φ′1 + φ′2 + φ′3

)2
]

= 0. (5.117)
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These equations along with the equations of motion determine the classical energy of strings
as a function of the Ji’s.

5.4.1 Spinning Strings in Deformed S5

We will again consider solutions with t = κτ , φi = ωiτ + miσ, α = α0 and θ = θ0.
The equations of motion for the φi’s will then be trivially satisfied. With x ≡ sin α0 and
y ≡ sin θ0, the equations of motion for θ and α are

− (−ω2
1 + m2

1) + (−ω2
2 + m2

2)

+ γ̃2x2(1− x2)(1− 2y2)
[
− (

ω1 + ω2 + ω3

)2
+

(
m1 + m2 + m3

)2
]

− 2γ̃
[
x2(1− 2y2)(ω1m2 − ω2m1) + (1− x2)(ω2m3 − ω3m2 + ω1m3 − ω3m1)

]

− γ̃2Gx2(1− 2y2)F (x, y, mi, ωi) = 0, (5.118)

and

ω2
3 −m2

3 + (1− y2)(−ω2
1 + m2

1) + y2(−ω2
2 + m2

2)

+ γ̃2x2(2− 3x2)y2(1− y2)
[
− (

ω1 + ω2 + ω3

)2
+

(
m1 + m2 + m3

)2
]

− 2γ̃
[
2x2y2(1− y2)(ω1m2 − ω2m1)

+ (1− 2x2)y2(ω2m3 − ω3m2) + (1− 2x2)(1− y2)(ω3m1 − ω1m3)
]

− γ̃2G
[
(1− 2x2) + 2x2y2(1− y2)

]
F (x, y, mi, ωi) = 0, (5.119)

respectively, where

F (x, y, mi, ωi) =(1− x2)(−ω2
3 + m2

3) + x2(1− y2)(−ω2
1 + m2

1) + x2y2(−ω2
2 + m2

2)

+ γ̃2x4(1− x2)y2(1− y2)
[
− (

ω1 + ω2 + ω3

)2
+

(
m1 + m2 + m3

)2
]

− 2γ̃
[
x4y2(1− y2)(ω1m2 − ω2m1) + x2(1− x2)y2(ω2m3 − ω3m2)

+ x2(1− x2)(1− y2)(ω3m1 − ω1m3)
]
. (5.120)

The conserved charge associated with time translations does not change when the metric
is deformed and we thus still have E = κ. We can then use (5.117) to express the energy
in terms of the rest of the fields:

E2 = κ2 = G
[
x2(1− y2)(ω2

1 + m2
1) + x2y2(ω2

2 + m2
2) + (1− x2)(ω2

3 + m2
3)

]

+ γ̃2Gx4(1− x2)y2(1− y2)
[(

ω1 + ω2 + ω3

)2
+

(
m1 + m2 + m3

)2
]
. (5.121)

The constraint (5.116) can be written

m1J1 + m2J2 + m3J3 = 0, (5.122)
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which is equal to the constraint with γ = 0.
The situation is now similar to the undeformed case. The energy is given by the

conformal gauge constraint and the equations of motion can be used to eliminate α0 and
θ0 once we have expressed ωi in terms of Ji and inserted these in (5.121). However, in
the undeformed theory, the equations of motions could be reduced to the simple equations
ω2

i −m2
i = ν2 and we could then express the energy in terms of ν, which was determined

perturbatively. The situation at hand is much more complicated, since the equations of
motion are given by (5.118) and (5.119), which are not as easy to handle.

Fortunately, it is not as bad as it looks. The energy and equations of motion can be
rewritten in a form that explicitly shows how the expression for the energy (5.46) changes
under the deformation.

First we need to express the frequencies ωi in terms of the angular momenta. With the
ansatz stated above we get

J1 = G
[
sin2 α0 cos2 θ0ω1 + γ̃2 sin4 α0 cos2 α0 sin2 θ0 cos2 θ0

(
ω1 + ω2 + ω3

)

+ γ̃
(
sin4 α0 sin2 θ0 cos2 θ0m2 − sin2 α0 cos2 α0 cos2 θ0m3

)]
, (5.123)

J2 = G
[
sin2 α0 sin2 θ0ω2 + γ̃2 sin4 α0 cos2 α0 sin2 θ0 cos2 θ0

(
ω1 + ω2 + ω3

)

+ γ̃
(− sin4 α0 sin2 θ0 cos2 θ0m1 + sin2 α0 cos2 α0 sin2 θ0m3

)]
, (5.124)

J3 = G
[
cos2 α0ω3 + γ̃2 sin4 α0 cos2 α0 sin2 θ0 cos2 θ0

(
ω1 + ω2 + ω3

)

+ γ̃
(− sin2 α0 cos2 α0 sin2 θ0m2 + sin2 α0 cos2 α0 cos2 θ0m1

)]
, (5.125)

and these equations can be inverted to yield

ω1 =
J1

x2(1− y2)
+ γ̃2

[
(1− x2)(J1 − J2) + x2y2(J1 − J3)

]
+ γ̃

[
(1− x2)m3 − x2y2m2

]
,

ω2 =
J2

x2y2
+ γ̃2

[
(1− x2)(J2 − J1) + x2(1− y2)(J2 − J3)

]
+ γ̃

[
x2(1− y2)m1 − (1− x2)m3

]
,

ω3 =
J3

(1− x2)
+ γ̃2

[
x2y2(J3 − J1) + x2(1− y2)(J3 − J2)

]
+ γ̃

[
x2y2m2 − x2(1− y2)m1

]
.

In addition, we note that the sum of the frequencies are simply given by

ω1 + ω2 + ω3 =
J1

x2(1− y2)
+

J2

x2y2
+

J3

1− x2
. (5.126)

We now have to insert the frequencies into (5.118) and (5.119). If we start with the function
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F (x, y, mi, ωi) appearing in both equations, it can be written

F (x, y, mi, ωi) = G−1

{
x2(1−y2)m2

1 + x2y2m2
2 + (1− x2)m2

3 −
J 2

1

x2(1− y2)
− J 2

2

x2y2
− J 2

3

1− x2

−γ̃2
[
(1− x2 + x2y2)J 2

1 + (1− x2y2)J 2
2 + x2J 2

3 − 2(1− x2)J1J2

− 2x2y2J1J3 − 2x2(1− y2)J2J3

]}
,

and the G’s thus cancel from the equations of motion. When the ωi’s are inserted in the
full expressions, it is possible to factor out another G−1 from both equations of motion.
The equation for θ reduces to the expression

( J1

x2(1− y2)

)2

−
( J2

x2y2

)2

+ γ̃2
[
J 2

1 − J 2
2 + 2J2J3 − 2J1J3

]

+ m2
2 −m2

1 + 2γ̃
[
(m1 + m2)J3 −m1J2 −m2J1

]
= 0,

and the equation for α becomes

J 2
1

x4(1− y2)
+
J 2

2

x4y2
− J 2

3

(1− x2)2
− (1− y2)m2

1 − y2m2
2 + m2

3

− 2γ̃
[
(1− y2)m1(J2 − J3) + y2m2(J3 − J1)−m3(J1 − J2)

]

+ γ̃2
[
(1− y2)J 2

1 + y2J 2
2 − J 2

3 + 2(1− y2)J2J3 + 2y2J1J3 − 2J1J2

]
= 0.

We insert the ωi’s in (5.121) and get the energy

E2 =
J 2

1

x2(1− y2)
+
J 2

2

x2y2
+

J 2
3

1− x2
+ x2(1− y2)m2

1 + x2y2m2
2 + (1− x2)m2

3

+ 2γ̃
[
x2(1− y2)(J2 − J3)m1 + x2y2(J3 − J1)m2 + (1− x2)(J1 − J2)m3

]

+ γ̃2
[
(1− x2 + x2y2)J 2

1 + (1− x2y2)J 2
2 + x2J 2

3 − 2(1− x2)J1J2

− 2x2y2J1J3 − 2x2(1− y2)J2J3

]
. (5.127)

Now we make a very relieving observation. The energy and the two equations of motion
can be obtained from the corresponding equations in the undeformed background (5.45),
(5.59), (5.60), by substituting

m1 → m1 + γ̃(J2 − J3), m2 → m2 + γ̃(J3 − J1), m3 → m3 + γ̃(J1 − J2), (5.128)

and thus, the energy can be calculated by the exact same procedure as we did in the
undeformed background. Defining m̃1 = m1 + γ(J2 − J3) and so on, the energy simply
becomes

E = J

(
1 +

λ

2J2

3∑
i=1

m̃2
i

Ji

J
− λ2

8J4

3∑
i=1

m̃4
i

Ji

J
+ . . .

)
,

3∑
i=1

miJi = 0. (5.129)
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The second term agrees with the one-loop gauge theory result obtained from the deformed
SU(3) spin chain (4.135). As we have seen, the deformed spin chain could be mapped to
an undeformed spin chain with twisted boundary conditions. The result here is similar.
The energy of strings in the deformed background can be obtained from strings in the
undeformed background by giving the winding numbers a momentum dependent "twist".
We note that the point-like string dual to the chiral primary Tr[ZJ ], is not affected by the
deformation.

To compare with the gauge theory, we need to consider the strong curvature limit with
λ ¿ 1 and J À 1. For generic values of γ, the energy (5.129) becomes a perturbation
series in λ rather than λ/J2, since the m̃i’s scale as J . As we saw in the last section, the
scaling behavior of the energy

E0 = J (
1 +

a
(0)
1

J 2
+

a
(0)
2

J 4
+ . . .

)
, (5.130)

was crucial for the suppression of quantum correction. For generic values of the Ji’s, we
can only maintain this scaling behavior if we keep γJ fixed as J → ∞ corresponding to
a weakly deformed five-sphere. Hence, in order to maintain the semiclassical behavior for
general values of the angular momenta we need to take γ ¿ 1.

The expression (5.129) reduces to (5.46) when J1 = J2 = J3. Thus, the energy of spin-
ning strings is only affected by the deformation when the angular momenta are "unevenly"
distributed on S5. This suggests another limit where (5.129) is valid. Namely, taking
J1, J2, J3 →∞ and γ, J1 − J2, J2 − J3, and J1 − J3 finite.

6 Outlook
We have verified that the energy of Frolov-Tseytlin strings in Lunin-Maldacena background
indeed matches the conformal dimension of scalar gauge theory operators at one-loop. The
deformed version of the correspondence thus seems to hold true, extending the gauge/string
duality to a sector with less supersymmetry. In fact, there is a certain class of three
parameter deformations that breaks all supersymmetry in the gauge theory. The gravity
dual of this non-supersymmetric deformation was constructed in [41] and positive tests,
similar to what we have done in this thesis, was performed in [41, 33].

The investigation of AdS/CFT duality is a field in rapid development. The correspon-
dence is by now widely believed to be true, but the precise map between string states and
gauge theory operators, still remains to be clarified. In this thesis we have matched the
energy of Frolov-Tseytlin strings with anomalous dimensions of bosonic operators. Solving
the SU(2) Bethe equations, involved a set of M integers, which we assumed to be equal in
order to obtain the rational solution corresponding to the Frolov-Tseytlin string. This is
at an observational level. We do not know how to recognize the correspondence between
these particular solutions a priori. If we, instead of one, had chosen two independent inte-
gers the expression for the anomalous dimension would involve elliptic integrals, which can
be reproduced as a certain folded string solution in the limit of large angular momentum
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[39, 42]. In general, one would expect that different distributions of Bethe roots correspond
to different string states. However, the precise mapping is difficult because we are only
able to obtain results in the thermodynamic limit.

In the present thesis, we have only discussed the one-loop part of the dilatation operator,
which was shown to be integrable in appendix B. Evidence that integrability extends to
higher loops was found in [7] and a proposal for a set of all-loop asymptotic Bethe equations
was put forward in [43] and soon generalized to the full PSU(2, 2|4) symmetry algebra [31].
The S-matrix formalism seems better suited for going beyond one-loop, which in part is why
we have chosen to focus on the S-matrix approach, instead of the more rigorous algebraic
Bethe ansatz and R-matrix formalism. Indeed, in [44] the complete S-matrix corresponding
to the SU(2|2) sector of excitations was constructed (up to an abelian phase), and it was
shown to satisfy the Yang-Baxter equation implying all-loop integrability. The All-loop
Bethe equations conjectured in [31] can then be derived up to an unknown phase.

The results of [44] allow one to obtain non-perturbative results in the gauge theory,
making comparisons with classical string theory possible. This was exploited by Hofman
and Maldacena in [45], where the one-magnon state is identified in string theory for strings
with infinite angular momentum. Their results have been generalized to certain bound
magnon states [46, 47, 48, 49], but it is not yet clear how to identify the general M -
magnon state in string theory. Nevertheless, the identification of the "giant magnon" as it
has been dubbed, is a major step forward in unraveling the gauge theory/spin chain/string
theory duality. If the magnons indeed correspond to fundamental excitations in string
theory, one might hope that developing this picture and identifying the string magnons,
can lead to a proper quantization of string theory in AdS5 × S5.
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A Conformal Coordinate Transformations
In this appendix, we will derive the general form of infinitesimal conformal transformations
in d spacetime dimensions. We consider the infinitesimal coordinate transformation

xµ → x′µ = xµ + εµ(x), (A.1)

and it was shown in (2.48)-(2.50), that the requirement of (A.1) being a conformal trans-
formation leads to the differential equation for ε(x)

∂µεν + ∂νεµ =
2

d
∂σε

σgµν . (A.2)

To solve this, we start by showing that the third derivative of ε(x) vanishes. Contracting
both sides of (A.2) with ∂µ∂ν gives

(1− 1

d
)∂2∂µε

µ = 0, (A.3)

which for d > 1 implies that ∂2∂µε
µ = 0. Next, we contract (A.2) with ∂ρ∂

ν and get

∂2∂ρε
µ + (1− 2

d
)∂ρ∂µ∂σε

σ = 0. (A.4)

Adding the same equation with µ and ρ interchanged and using (A.2) give

2

d
∂2∂σε

σgρµ + 2(1− 2

d
)∂ρ∂µ∂σε

σ = 0. (A.5)

Using (A.3), this implies that ∂ρ∂µ∂σε
σ = 0 for d > 2. We now define the tensor Gµνρσ =

∂µ∂ν∂ρεσ, which is clearly symmetric in the first three indices and satisfies G ρ
µν ρ = 0 for

d > 2. Acting on (A.2) with ∂ρ∂σ, then makes the right side vanish and Gµνρσ should thus
be antisymmetric in the last two indices. However, this contradicts the symmetry in the
first three indices as can be seen by writing:

Gµνρσ = Gµρνσ = −Gµρσν = −Gµσρν = Gµσνρ = Gµνσρ, (A.6)

and we conclude that Gµνρσ = 0.
We will now expand εµ in powers of x, but since the third derivative vanishes, the

expansion cannot involve higher powers than x2. The expansion then becomes

εµ(x) = αµ + βµ
νx

ν + γµ
νρx

νxρ. (A.7)

Substituting this into (A.2), and noting that γµνρ should be symmetric in the last two
indices, gives the equations

βµν + βνµ =
2

d
βρ

ρgµν , (A.8)

γµνρ + γνµρ =
2

d
γσ

σρgµν .. (A.9)
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Equation (A.8) shows that the symmetric part of βµν is simply proportional to gµν and we
know that the antisymmetric part corresponds to the usual Lorentz transformations. To
find an expression for γµνρ, we define bρ = −1

d
γσ

σρ and get from (A.9):

γµνρ = −γνµρ − 2bρgµν

= −γνρµ − 2bρgµν

= −2bρgµν + 2bµgνρ + γρνµ

= −2bρgµν + 2bµgνρ + γρµν

= −γµνρ − 2bρgµν + 2bµgνρ − 2bνgµρ.

Thus

γµνρ = bµgνρ − bρgµν − bνgµρ, (A.10)

and the general expression for εµ(x) becomes

εµ(x) = αµ + σxµ + ωµ
νx

ν + bµx2 − 2bνx
νxµ, (A.11)

where we have defined σ = 1
d
βρ

ρ. We can now identify the different terms appearing
here: αµ corresponds to spacetime translations, the σ term corresponds to dilatations, the
ωµ

ν term corresponds to Lorentz transformations, and the terms involving bµ are special
conformal transformations.

B The Algebraic Bethe Ansatz
In this appendix, we will prove the integrability of the SU(2) spin chain and present an
alternative derivation of the Bethe equations. It is a purely algebraic method, which is
completely different from the coordinate space ansatz originally introduced by Bethe. We
closely follow the review by Faddeev [29].

The method can be regarded as a generalization of the algebraic approach to the har-
monic oscillator, where one uses the commutator of raising and lowering operators to obtain
the spectrum. The fundamental object in our approach is the Lax operator, which can
be used to construct operators corresponding to â† and â. The commutator [â, â†] = 1
is now replaced by a Yang-Baxter equation, which is used to obtain the Bethe equations
determining the spectrum of the spin chain.

B.1 The Lax Operator and Integrability

A spin chain of length J is a quantum system defined on a Hilbert space, which is the
tensor product of local two-dimensional complex vector spaces hn. The full Hilbert space
is thus

H = h1 ⊗ h2 ⊗ . . .⊗ hJ . (B.1)

88



In each hn, we will use the ordered basis {| ↑〉, | ↓〉}n, which are eigenstates of the third
component of the spin operator S3

n with eigenvalues {1
2
,−1

2
}.

The hamiltonian of the one-dimensional Heisenberg model with nearest neighbor inter-
action is given by

HSc =
ε0

2

J∑
n=1

(1− σn · σn+1) = ε0

J∑
n=1

(1− Pn,n+1), PJ,J+1 = P1,J (B.2)

where Pn,n+1 is the permutation operator acting on hn⊗hn+1, and σn = 2Sn are the Pauli
matrices acting on hn. Our task is to diagonalize this hamiltonian. For a given J , it reduces
to the diagonalization of a 2J × 2J matrix accessible by numerical methods, but we would
like to obtain eigenvalues, in which we explicitly see the dependence on J . Furthermore,
we will be interested in the limit of J →∞ where only analytical methods work.

We now introduce the Lax operator. This operator will be used to explicitly construct
a set of J commuting operators on the spin chain. The hamiltonian belongs to this set
and the spectrum is obtained by simultaneously diagonalizing all these operators. The Lax
operator Ln,a(u) depends on a complex spectral parameter u and acts on the product of
an auxiliary vector space V and the local vector space hn. V is also a two-dimensional
complex vector space, and the Lax operator is defined by

Ln,a(u) = u + iSn · σa =

(
u + i

2
σ3

n
i
2
σ−

i
2
σ+ u− i

2
σ3

n

)
, (B.3)

where Sn acts in hn and σa acts in V . In the last equality, we have written the operator
as a matrix in V with respect to the ordered basis {| ↑〉, | ↓〉}a, and the entries are acting
in hn. It will also be convenient to write it in terms of the permutation operator:

Ln,a = u− i

2
+ iPn,a (B.4)

which follows from the identity 2Pm,n = 1+σm ·σn. The Lax operator seems to be similar
in structure to the individual terms of the hamiltonian, but it acts in a different vector
space. Each term in the hamiltonian acts on adjacent sites on the spin chain, whereas the
Lax operator acts on one site on the spin chain and on the auxiliary space V .

Consider now two copies of the auxiliary space V1 and V2 and two Lax operators Ln,a1(u)
and Ln,a2(v) acting on these two spaces in addition to hn. We are interested in the com-
mutator of these two operators, but since there is now two auxiliary spaces involved, we
have to write the Lax operators as 4 × 4 matrices with entries in hn. It turns out that
Ln,a1(u) and Ln,a2(v) do not commute, but Ln,a1(u)Ln,a2(v) and Ln,a2(v)Ln,a1(u) are simi-
lar operators. This means that an operator, Ra1,a2(u − v) called the R-matrix defined on
V1 ⊗ V2, exists and has the property

Ra1,a2(u− v)Ln,a1(u)Ln,a2(v) = Ln,a2(v)Ln,a1(u)Ra1,a2(u− v). (B.5)

The explicit expression for the R-matrix is

Ra1,a2(u) = u + iPa1,a2 , (B.6)
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and we see that it is essentially a Lax operator (La1,a2(u) = Ra1,a2(u − i/2)). Using this
expression, it is easy to prove (B.5) if we note that the permutation operators satisfy the
relations:

Pn,a1Pn,a2 = Pa1,a2Pn,a1 = Pn,a2Pa1,a2 . (B.7)

We now define the monodromy on the spin chain which is given by

Ta(u) = LJ,a(u)LJ−1,a(u) . . . L1,a(u), (B.8)

and acts on the product space V ⊗ H. We can also write it as a matrix in the auxiliary
space V with entries being operators in H:

Ta(u) =

(
A(u) B(u)
C(u) D(u)

)
. (B.9)

Taking the trace in auxiliary space, yields the operator

F (u) ≡ traT (u) = A(u) + D(u), (B.10)

which is defined on H. In the following, we will show that the hamiltonian can be con-
structed from F (u) and its eigenstates are obtained by acting with B(u) a number of times
on a properly defined groundstate. If we compare with the harmonic oscillator, B(u) and
C(u) correspond to the raising and lowering operators, respectively, and the total spin will
play the role of the number operator N̂ = â†â.

Referring to (B.4), we see that the monodromy is a polynomial in u of order J :

Ta(u) = uJ + iuJ−1

J∑
n=1

Sn · σa + . . . , (B.11)

implying that F (u) has a similar non-trivial expansion in u

F (u) = 2uJ +
J−2∑
n=0

Qnu
n. (B.12)

Note that QJ−1 vanishes since it is a sum of terms involving the trace tra[σn · σa] =
σ3 − σ3 = 0. It will now be shown that the operators Qn all commute among themselves.
If we augment this set by the total spin operator S3, which is shown to commute with F (u)
below, we have a set of J commuting operators, proving the integrability of the spin chain.
We will also show how the hamiltonian can be constructed from this family of operators.

First we need to establish the commutation relations for Ta(u). We will consider two
copies of the monodromy acting in different auxiliary spaces V1 and V2. The result involves
the R-matrix (B.6) and has the exact same form as (B.5):

Ra1,a2(u− v)Ta1(u)Ta2(v) = Ta2(v)Ta1(u)Ra1,a2(u− v). (B.13)
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This result is easily derived using (B.5) and the definition of the monodromy:

Ra1,a2(u− v)Ta1(u)Ta2(v) = Ra1,a2(u− v)LJ,a1(u) . . . L1,a1(u)LJ,a2(v) . . . L1,a2(v)

= Ra1,a2(u− v)LJ,a1(u)LJ,a2(v) . . . L1,a1(u)L1,a2(v)

= LJ,a2(v)LJ,a1(u) . . . L1,a2(v)L1,a1(u)Ra1,a2(u− v)

= LJ,a2(v) . . . L1,a2(v)LJ,a1(u) . . . L1,a1(u)Ra1,a2(u− v)

= Ta2(v)Ta1(u)Ra1,a2(u− v),

where in the second and fourth lines, we used that Lax operators acting in different vector
spaces commute, and in the third line, we used (B.5) J times. This equation involves 4×4
matrices acting in V1 ⊗ V2 with entries being operators in H, and the expression is thus a
compact way of writing 16 commutation relations for A(u), B(u), C(u), and D(u). It is
useful to explicitly write (B.13) as a matrix equation. Defining the ordered basis in V1⊗V2

{| ↑〉1 ⊗ | ↑〉2, | ↓〉1 ⊗ | ↑〉2, | ↑〉1 ⊗ | ↓〉2, | ↓〉1 ⊗ | ↓〉2}, (B.14)

we see that the two copies of the monodromy can be written

Ta1(u) =




A B 0 0
C D 0 0
0 0 A B
0 0 C D


 , Ta2(v) =




A′ 0 B′ 0
0 A′ 0 B′

C ′ 0 D′ 0
0 C ′ 0 D′


 , (B.15)

with A = A(u), A′ = A(v) and so on. The R-matrix can be written

Ra1,a2(u) =




u + i 0 0 0
0 u i 0
0 i u 0
0 0 0 u + i


 , (B.16)

and (B.13) becomes



(i + w)AA′ (i + w)BA′ (i + w)AB′ (i + w)BB′

iAC ′ + wCA′ iBC ′ + wDA′ iAD′ + wCB′ iBD′ + wDB′

iCA′ + wAC ′ iDA′ + wBC ′ iCB′ + wAD′ iDB′ + wBD′

(i + w)CC ′ (i + w)DC ′ (i + w)CD′ (i + w)DD′


 =




(i + w)A′A iB′A + wA′B iA′B + wB′A (i + w)B′B
(i + w)A′C iB′C + wA′D iA′D + wB′C (i + w)B′D
(i + w)C ′A iD′A + wC ′B iC ′B + wD′A (i + w)D′B
(i + w)C ′C iD′C + wC ′D iC ′D + wD′C (i + w)D′D


 , (B.17)

where w = u − v. First, we observe that the four entries of the monodromy commute
among themselves:

[A,A′] = [B,B′] = [C, C ′] = [D, D′] = 0. (B.18)
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Furthermore, equating the sum of diagonal elements gives the equation

(u− v)
(
[A, D′] + [D, A′]

)
= i

(
[B′, C] + [C ′, B]

)
. (B.19)

We then note that the left hand side is invariant under exchange of u and v, whereas the
right hand side acquires a minus under the exchange. This implies that the two expressions
vanish.

The commutator relations show that the trace of the monodromy commute at different
values of the spectral parameter:

[F (u), F (v)] = 0, (B.20)

and this in turn implies that all the Qn in (B.12) commute, since we can write

[Qm, Qn] =
1

m!n!

dm

dum

dn

dvn
[F (u), F (v)]

∣∣∣
u=v=0

= 0. (B.21)

We will now see how to derive the hamiltonian from F (u). The Lax operator becomes
particularly simple when evaluated at u = i/2 and so does the monodromy and F (u). We
have that

Ta(i/2) = iJPJ,aPJ−1,a . . . P1,a

= iJP1,2P2,3 . . . PJ−1,JPJ,a, (B.22)

where the last equality follows from repeated use of the relations (B.7). For example, we can
write P2,aP1,a = P1,2P2,a and then bring P1,2 all the way through the string of remaining
permutations, which do not act in h1 or h2. Taking the trace in auxiliary space, only
involves PJ,a, and using that PJ,a = 1

2
(1 + σJ · σa), one can easily check that traPJ,a = 1.

We can now define the shift operator

U = i−JF (i/2) = i−JtraT (i/2) = P1,2P2,3 . . . PJ−1,J , (B.23)

which is seen to shift variables on site n to n + 1. Since P † = P−1 = P , we immediately
observe that U is unitary

UU † = U †U = 1, (B.24)

and local operators will transform as UXnU
−1 = Xn+1. As usual, the shift operator

allows us to introduce a hermitian momentum operator P which acts as the generator of
infinitesimal shifts. On a lattice, this corresponds to a shift along one site, so we define it
by

U = eiP . (B.25)

Having examined F (i/2), we take the next step and analyze the first derivative of F
evaluated at i/2. We start by calculating the derivative of Ta(u) and evaluate it at i/2.
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To do this, it is most convenient to write Ta(u) as a string of Lax operators using the
expression (B.4). It is then easy to see that

d

du
Ta(u)

∣∣∣
u=i/2

= iJ−1

J∑
n=1

PJ,a . . . P̂n,a . . . P1,a, (B.26)

where ̂ means that the factor is absent. Rearranging the string of permutations as in
(B.22), we can calculate the trace

d

du
F (u)

∣∣∣
u=i/2

= iJ−1

J∑
n=1

P1,2 . . . Pn−1,n+1 . . . PJ−1,J . (B.27)

Multiplying from the left with i1−JU−1 and using that P 2
i,j = 1 give

i1−J d

du
F (u)

∣∣∣
u=i/2

U−1 =
J∑

n=1

Pn,n+1. (B.28)

Comparing with (B.2), we see that the hamiltonian can be written

H = ε0

(
J − i

d

du
ln F (u)

∣∣∣
u=i/2

)
, (B.29)

where we used that U = i−JF (i/2).

B.2 Spectrum and Bethe Equations

We have just shown that the total momentum and the hamiltonian belong to the family
of commuting operators generated by F (u). In this subsection, we diagonalize F (u) and
thus the whole set of commuting observables simultaneously. In particular we will get an
expression for the eigenvalues of the hamiltonian in terms of certain complex variables -
the Bethe roots.

As already mentioned, the algebraic method is a generalization of the method used to
diagonalize the hamiltonian of the harmonic oscillator. Remember that one diagonalizes
the number operator n̂ = â†â using the commutator relations n̂â = â(n̂−1), n̂â† = â†(n̂+1)
and defining a "highest weight state", which is annihilated by â.

We define the state with highest weight in hn to be | ↑〉n. This state has the property
that it is an eigenstate of σ3 and is annihilated by σ+. The Lax operator thus takes a
simple triangular form in auxiliary space when applied to it:

Ln(u)

(
a
b

)
| ↑〉n =

(
u + i/2 iS−n

0 u− i/2

)(
a
b

)
| ↑〉n, (B.30)

where a and b is the coordinate representation of a state in V . Defining a highest weight
state in H by

|Ω〉 = | ↑〉1 ⊗ | ↑〉2 ⊗ . . .⊗ | ↑〉J , (B.31)
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we see that the monodromy becomes triangular in the auxiliary space when acting on this
state:

T (u)

(
a
b

)
|Ω〉n =

(
(u + i/2)J B(u)

0 (u− i/2)J

) (
a
b

)
|Ω〉n. (B.32)

and B(u) becomes a linear combination of S−’s. This shows that |Ω〉 is an eigenstate of A
and D and is annihilated by C:

C(u)|Ω〉 = 0, A(u)|Ω〉 = (u + i/2)J |Ω〉, D(u)|Ω〉 = (u− i/2)J |Ω〉. (B.33)

The operator C(u) is thus playing the role of â annihilating the highest weight state. We
defined |Ω〉 as an eigenstate of the third component of the total momentum S3 =

∑J
n=1 S3

n

with maximum eigenvalue J/2, and we will now show that we obtain new eigenstates of
S3 by acting on |Ω〉 with B(u).19

To see this, we return to the commutation relations (B.13) and consider the limit
v →∞. Keeping only the leading vJ+1 terms gives a trivial result so we also need to keep
terms of order vJ . Using (B.11), the resulting equation is

(u + iPa1,a2)Ta1(u)− iTa1(u)S · σa2 = Ta1(u)(u + iPa1,a2)− iS · σa2Ta1(u), (B.34)

or

[Pa1,a2 + S · σa2 , Ta1(u)] = 0, (B.35)

where S =
∑J

n=1 Sn is the total spin. We should again be a bit careful when evaluating
these products. Since there is two auxiliary spaces, we should represent the monodromy
and σa2 by 4× 4 matrices. Using the ordered basis (B.14), the matrices in V1⊗V2 become

Pa1,a2 =




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 , Ta1(u) =




A B 0 0
C D 0 0
0 0 A B
0 0 C D


 ,

S · σa2 =




S3 0 S− 0
0 S3 0 S−

S+ 0 −S3 0
0 S+ 0 −S3


 .

The commutator relations contained in (B.35) can then be extracted:

[S3, A] = [S3, D] = [S−, B] = [S+, C] = 0, (B.36)
[S+, B] = −[S−, C] = A−D, (B.37)
[S3, B] = −B, [S3, C] = C. (B.38)

19We could as well have picked the state with all down spins as a reference state. Then the roles of B
and C would be exchanged.

94



The first line shows that F (u) and S3 commute and last line shows that B and C indeed
lowers and raises the eigenvalue of S3 by 1, respectively.

We are thus led to consider the states

|M, {uj}〉 = B(u1)B(u2) . . . B(uM)|Ω〉, (B.39)

which are eigenstates of S3 with eigenvalue J/2−M . In fact, these states are also eigen-
values of F (u) as we will now show. Using the matrix form of the commutator relations
(B.13), we obtain the expressions:

A(u)B(v) = f(u− v)B(v)A(u) + g(u− v)B(u)A(v), (B.40)
D(u)B(v) = h(u− v)B(v)D(u)− g(u− v)B(u)D(v), (B.41)

with

f(u) ≡ u− i

u
, g(u) ≡ i

u
, h(u) ≡ u + i

u
. (B.42)

The last term in (B.40) shows that |M, {uj}〉 is not an eigenstate of A(u). We get 2M

terms, whereas only one is proportional to |M, {uj}〉. The remaining terms are obtained
by moving A through the string of B′s. At each B, we either let A pass freely picking up a
factor of f , or exchange variables picking up a factor of g. Since the B’s commute, we can
group all these terms into M terms, where A at the end of the string depends on a certain
uk. The result can be written

A(u)|M, {uj}〉 =
M∏

j=1

f(u− uj)(u + i/2)J |M, {uj}〉

+
M∑

k=1

αk(u, {uj})B(u1) . . . B̂(uk) . . . B(uM)B(u)|Ω〉. (B.43)

To determine the coefficient functions αk, we start by noting that the term involving α1

results from moving A through the string of B’s exchanging variables only with the first
factor of B. The result is thus

α1(u, {uj}) = g(u− u1)
M∏

j=2

f(u1 − uj)(u1 + i/2)M . (B.44)

Since the B’s commute, we can move any B(uk) to the first position in the string of B’s
in |M, {u}〉 and using the argument above, thus yields

αk(u, {uj}) = g(u− uk)
M∏

j 6=k

f(uk − uj)(uk + i/2)M . (B.45)

95



Using (B.41), we can also apply this arguments for the action of D(u) on |M, {uj}〉. We
get

D(u)|M, {uj}〉 =
M∏

j=1

h(u− uj)(u− i/2)J |M, {uj}〉

+
M∑

k=1

βk(u, {uj})B(u1) . . . B̂(uk) . . . B(uM)B(u)|Ω〉. (B.46)

with

βk(u, {uj}) = −g(u− uk)
M∏

j 6=k

h(uk − uj)(uk − i/2)M . (B.47)

We now require that the state |M, {uj}〉 is an eigenstate of F (u). This can only be true
if the second line in (B.43) cancel against the second line of (B.46). Thus, if the set {uj}
satisfies

(uk + i/2)J

M∏

j 6=k

f(uk − uj) = (uk − i/2)J

M∏

j 6=k

h(uk − uj), (B.48)

we get that

F (u)|M, {uj}〉 = Λ(u, {uj})|M, {uj}〉, (B.49)

with

Λ(u, {uj}) = (u + i/2)J

M∏
j=1

f(u− uj) + (u− i/2)J

M∏
j=1

h(u− uj). (B.50)

The M equations (B.48) are called the Bethe equations and the complex spectral parame-
ters uj are called Bethe roots. We can write the Bethe equations in a more compact form
using (B.42),

(uk + i/2

uk − i/2

)J

=
M∏

j 6=k

uk − uj + i

uk − uj − i
, (B.51)

which is the familiar form derived from the coordinate space Bethe ansatz in (4.16).
We will now derive the eigenvalues of the hamiltonian and momentum operators. Since

the states |M, {uj}〉 with {uj} satisfying the Bethe equations are eigenstates of F (u),
they are eigenstates of momentum and energy. Starting with momentum, we note that
Λ(u, {uj}) becomes particularly simple when evaluated at i/2, giving

eiP |M, {uj}〉 = i−JΛ(i/2, {uj})|M, {uj}〉 =
M∏

j=1

uj + i/2

uj − i/2
|M, {uj}〉. (B.52)
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The total momentum is thus additive with

P =
M∑

j=1

pj, pj = −i ln
uj + i/2

uj − i/2
. (B.53)

The same is true for the energy, and using (B.29), we get

H|M, {uj}〉 = ε0

(
J − i

d

du
ln Λ(u, {uj})

∣∣∣
u=i/2

)
|M, {uj}〉 (B.54)

giving

E = ε0

M∑
j=1

εj, εj =
1

u2
j + 1/4

. (B.55)

The fact that energy and momentum are additive allows us to interpret the operators
B(uj) as creation operators creating particles of momentum pj and energy εj. The Bethe
equations are constraints on the momenta, which have to be satisfied for the states to be
eigenstates of the hamiltonian. We also note that the unitary shift operator allowed us to
define a hermitian momentum operator with real eigenvalues. The individual momentum
variables pj however, can be complex numbers giving rise to bound states.
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